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PREFACE. 



The object of the present publication, is to supply 
the students of the Edinburgh School of Arts, and 
those of similar Institutions, with a condensed yet com- 
prehensive course of Mathematics. It will be readily 
acknowledged, by those who know any thing of Ma- 
thematical Science, that it, of all subjects whatever, 
can least be taught in the form of lecture. There is 
through the whole such a concatenation of dependent 
truths, that unless the Student secure these firmly 
as he proceeds, he will soon find himself in the same 
hopeless predicament, as if endeavouring to ascend an 
eminence by means of a ladder divested of steps. 
Nor would we insinuate from this, that the study of 
Mathematics is difficult ; on the contrary, we believe 
that none is more easy or better fitted for a rational 
mind. From a few axioms or intuitive truths, which 
are no sooner enunciated than believed, the Mathema- 
tician raises the most superb structure, from which he 
can contemplate, as with a telescope, the beauties of 
the scientific landscape. Treasures which lay hid be- 
fore, are gradually opening to his view, and pressing 
themselves upon his acceptance. It is not with Mathe- 
matics, as with the other sciences, where one theory 
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INTRODUCTION. 



Tfl£ word BlAtHi^Aficsi, like most other of our sdeiiti- 
fie terms, is of Greeian origin, and seems originally to hare 
signified knowledge, or learning in general. It is now, how-* 
ever, greatly limited in its signification, being applied to do^ 
signate that science exclusiyely whieh treats ^quantity. 

Quantity may be contemplated under two different forms ; 
either as made up of separate and distinct parts, or as one 
extended and continuous whole. When quantity is consider* 
ed as a collection of separate and distinct parts, or as an ag^ 
gregate of several things of the same kind, it is called Nwn^ 
her ; and that portion of Mathematics whidi proposes to in« 
vestigate the power and properties of numb^ is denominated 

AHltHMEflC. 

When quantity is considered as one extended and condnu- 
ous whole, such as in the case of a line, a surface, or a solid, 
i^ is called extension; and that division of Mathematics, 
which proposes to investigate the properties of figtcred exten«- 
sion, is denominated Geometry. 

Algebra, another very important branch of Mathematics, 
^ems to hold a kind of middle ground between Arithmetic 
and Geometry ; possessing several of the dintinctive qiiaUtiea 
of each, yet the exclusive characteristic of neither. For, 
although it is closely allied to the former, in regard to the 
manner of its operations, yet it is equally so to the latter, in 
regard to the generality of its conclusions. Hence, it has 
been sometimes very appropriately called Univeb sal Asith- 
Metic. It serves as tnat link by which Geometry is con- 
nected with Arithmetic; or that medium through which 
Geometrical relation may be exhibited in number. 
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When quantity is considered in the abstract, that isy 
apart from all considerations of its existing in any material 
object whatever, the science is called Pube Mathematics. 
When quantity is considered as not abstracted from the sub- 
ject of its existence, the science is called Mixed Mathe- 
matics. That quantity cannot exist, unless in some Physi- 
cal object, is certainly very eyident ; it is nevertheless conve- 
nient and philosophical, by a process of mental abstraction to 
conceive of it separately. By this means we become armed 
with a series of speculative truths, which enable us to push 
our way through new and untried difficulties ; to overcome 
every obstruction, however formidable, by which truth maybe 
encompassed, and to proceed with a firm and a sure step in 
all our scientific investigations. 

The study of Mathematics, whether as to their elegance 
or utility, cannot be better recommended than in the words 
of Dr Barrow, in his inaugural oration when appointed pro- 
fessor of Mathematics at Cambridge. ** The Mathematics, 
he observes, efiectually exercise, not vainly delude, nor vexa- 
tiously torment studious minds with obscure subtleties, but 
plainly demonstrate '^very thing within their reach, draw 
certain conclusions, instruct by profitable rules, and unfold 
pleasant questions. These disciplines likewise inure and 
corroborate the mind to a constant diligence in study ; they 
wholly deliver us from a credulous simplicity, most strongly 
fortify us against the vanity of scepticism, efiectually restrain 
us from a r<ish presumption, most easily incline us to a due 
assent, and perfectly subject us to the government of right 
reason. ' While the mind is abstracted and elevated from sen- 
sible matter, distinctly views pure forms, conceives the beauty 
of ideas, and investigates the hannony of proportions, the 
manners themselves are sensibly corrected and improved,— -the 
afiections composed and rectified,— -the fancy calme'd and set- 
tled, — ^and the understanding raised and excited to more 
divine contemplations.'*^ 

The fundamental principles of mathematics are so few and 
so easily apprehended — the chain of reasoning so complete 
and satisfactory — ^the truths established so clear and perspi- 
cuous—the relations discovered so replete with elegance and 
beauty — ^that, whilst the reasoning faculties are insensibly gain- 
ing strength by the most delightfiil exercise, the mind itself 
becomes more and more gratified by the clearness of its views, 
by the certainty of its conclusions, and by the justness and 
distinctness of its conceptions. But, besides that mathema^ 
tics may thus be considered as one of the best exercises to the 

11 
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und^rstiiidiiigf they merit our most scropulous attention, even 
fiom equally important considerations ; inasmuch as they lie 
at the very basis of our finest commercial speculations ; are 
intimately connected with the various branches of Mechanical 
Philosopny; with ahnost all the great sources of national 
wealth and power ; and with many of those arts which c<mtri- 
bute to the elegance and comfort of social life. 



9 



PART I. 

ARITHMETIC. 



1. Any single object whatever is called a unit or one. If 
to this unit another be added, these together form the number 
called two ; which increased in like manner by another umt, 
gives the next greater number denominated three. By conti- 
nuing to add unity in this way to the number already obtain- 
ed, the successive numbers /our, ^ve^ eiof, &c. are formed. 
From this method of conceiving the formation of number, it 
is obvious that there is no limit to its magnitude ; for, how- 
ever great any number may be, it may still be augmented by 
a unit, or by any number of units. y 

2. In the. early stages of society, when words, the signs of 
ideas, were but few, mankind would naturally represent any 
small number by some palpable s3rmbols, such as ntUs, jpeb- 
bleSf or shells arranged in a row. It would be found, how^ 
ever, when the objects to be represented were numerous, that 
this method of arranging them in a single row would only 
convey a very confused idea of multitude. In order^ there- 
fore, to greater precision, they would subsequently form them 
into two rows, or count them off by pairs. Hence the origin 
of the dual number, and of the terms brtice, couple, &c. 
Thirty-one^ for example, might be represented by as many 
small shells or pebbles, which, when ranged into successive 

pairs, would amount to fifteen pairs 

and one over, thus : — 

If a pebble or shdl of double the size were now taken to 
represent each pair, then the number, by the same process of 
arrangement, would be represented by seven pairs of these 
double-sized counters and one over, to- 
gether with one counter of the first size, ttttttt^. 
dius:— 
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Again, Hedimtetn df doubl« th^ sice dT dtMe Umi te tak0ii^ 
tibe numbet will be represented hf three pairfl of tbk Aird 
iitfe of connterer And one orer ; one of the ne^ 
6ond mei together with one of the first, J J ? ^ 

In order to farther condensation, if each pair were repre>- 
sented, as before, by a counter still larger, then llie wMd 
number would be represented by three counters ^ 
of the fourth size, one of the uiird, one of the Z^^ ^ 
second, and one of the first, thus : — ^^ 

IjMtlyy If a counter be taken equal to two of this fourth 
size, then the number, thirty-one^ will be represented by one 
counter of the fifth size, one of the fourth, one of the third, 
one of the second, and one of the first, and 
would stand thus : — 

Such are the steps by which we may conceive a savi^, 
prompted by curiosity, to have proceeded in forming a coil« 
densed representation of any number of similar otgects. 

This mode of classifying numbers, by distributing them 
into 8ucces«Te pairs, is caUed the Binary Bcaley from the 
ettvitlmstance of itd root or indeof being ttco. 

8. The inconvenience or utter impossibility of prdcarin^ 
natural objects of the necessary gradation of size, would ha* 
turally suggest tfce idea of affixing a certain gradation of va« 
lue to rank, independent of magnitude. This important link 
m the chain of improvement was made by the Greeks at a 
very early period, and by them communicated to the Romans, 
who continued, during their whole career of empire, to prac- 
tise a kind of tangible Arithmetic. In this, it is evident, 
that the augmenting value of rsmk would be quite arbitrary, 
depen<^g in every case on a key, to be fixed upon by con- 
vention. If it be required, for eicample, to represent the ttum- 
Mr thirty-one, it being agreed that the value df each sneces« 
sive counter, reckoning from right to left, is dou- 
ble of that Which precedes it, it will stand thus! e d c b a 
Where the counter a will represent one unit, • # • • # 
b two units, c four units, d eight tmits, and e sixteen imits, 
in all thirty-one units. 

4. The general method of representing any number on the 
Binary scale will be readily understood from a few words of 
explanation. Let there be a series of parallel bars, and sup- 
pose that it is required to represent the number jifty-eenen. 
Instead of placing the Jlftyseoen counters on the first bar, 
it will amount to the same thing to place ttoenty-eight on the 
second, and one on the first, since each of the counters on the 
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pecpnd bar i^ireteati tvo ujiits. In the avu vamui luw»~ 
tjf-eight on tne second bar viU be repEMented in f&ct by 
fowrteen m the third, or hj' «wej» on tite fbilrtfa. Again, 
«even qd the fourth bar will be the wme m Mr«» XA the fifth 
and one on the fourtli. But three on the fifth viU be equi- 
valent to one on the fixth and <me on the fifth. Hepce the 
representation otjifty-seven an the ISinary scale will be ef- 
fected by oTje counter on tlie first 
bar, one on the fourdi< one on 
tbe fifth, ^d or^e OB toe oxtb, 
thus: 

By a stnular process of decom- 
position sfventy-ni'newoy\A be re- 
presented thus : 

One fi^mdred and eight^-ttoo 
thus : 

To represent any number on 
this scale, it ia obvious that irne 
counter for each bar is aufficieot i because, instead of having 
two counters on any one bar, we may [dace one counter on the 
next higher. 

5. SiiaHar to the Sinarp is the Ternary scale of no- 
nieration, which redcons by successive threes or triad*. On 
this scale a counter on a^y b«r is equivalent to three co nn tera 
on the bar immediately belov it. 

Let it be required to sepretent the number Jifhf-aeven on 
this scale. In place of having Jfhfseven counters on the 
first bar, we may bare tiineteen on the second, since nineteen 
threes or triads are exactly fifty-seven nnits. Again, nine- 
teen counters on the accond h»^ «re equivalent to ^ on the 
third, or two on the fourth hts, and one on the second ; Jifty- 
aeven wiU therefore be represented on the 
Ternary scale, by fine counter op the Be- 
cond bar, and two od the frmlhi thus : 



11111(1 

tlitti 



SeoetUy-ni/ne wonld b« represented thus : 



h'±\. 



t;; 



One hundred and twenty-^ht thus : 

In this scale it is esiioit thu two sets 
of counters are necessary ; or, in figurative 
Arithmetic, two artificial- characters. Let the characters 1 
and S respectively denote one counter and two counters, and 
let the place of a bar on which no counter is placed be piark- 
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ed by the cipher (0) ; then any number may be easily ex- 
pressed on this scale. 

Fifty^eoent would be expressed thus : 2010 
Seoenty-mne thus : - 2221 

One himAred and twenty-eight thus : 11202 

6. From what has been stated, it will be easy to represent 
any number, on any scale whatever. The Quaternary 
scale proceeds by /our« — the Qmnary hy Jives — ^the Senary 
by siwes — ^the Septenary by sevens — ^the Oetary by eights — 
and the Nonary by nines. The Quaternary scale ob- 
viously requires three sets of counters for each bar^ and, of 
course, three artificial characters — ^the Quinary ^ve^ or in 
general any scale requires one less than its index or root. 
Let it be required to represent the number one htmdred and 
seventy-five by the counters, and also to express it by the ar- 
tificial characters on these various scales. It will stand as 
follows : 



On the Quaternary . 



Quinary 



Senary . . 



By Counters. By the Artificial 

Characters. 



3238 
1200 



Septenary . 



Oetary 



I I 



Nonary 



• • 




451 



340 



257 



814 
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7* "^^^ Denary scale, which advances by tens, seems to 
have prevailed more generally, obviously from the familiar 
practice of counting by the fingers on both hands. This 
ficale will evidenUy require nine sets of counters, and nine 
artificial characters. 

Seventy-mght on the Denary scale would stand 
thus: 

And by the artificial characters, thus : ^8, 



As the increased number of counters necessary for this 
8cale might be inconvenient, an advantage will be gained by 
employing a counter of a larger size, to denote half the index 
of the scale, or five. Seventy^eight would then be represent- 
ed in the abridged form thus : 




8. The Denary scale was employed by the ancient Greeks 
and Romans, who performed tneir calculations by counters, 
on a board called an Abax or Abacus » A series of parallel 
grooves represented the bars, and the counters were originally 
pebbles, or small white stones, called Calculi ; from which 
arose the verb calculare, and hence also our English term to 
calculate. 

The Chinese use a board called a Swanpan, on which 
they perform calculations with astonishing rapidity. The 
swanpan, although a little dissimilar to the abacus in con- 
struction, is the same in principle. In it, the parallel grooves 
stretched transversely or across the board, from right to left, 
whereas in the abacus they run longitudinally, or up and 
down. 

This method of reckoning by palpable symbols seems to 
have been almost universally prevalent throughout Europe 
until the fifteenth century, when it began to give place to 
the more convenient and expeditious mode, by written cha^ 
racters. There are, however, several places in Russia where 
this tangible arithmetic still prevails, as the only means of 
calculation. In Shakespeare^s comedy of the Winter's 7^ale, 
written at the commencement of the seventeenth oentury, the 
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down, staggered at a sunple mttkiplica1i<«t ^Belaim^, <^ ihat 
he nuifit try it with counters.^ 

9. Although any number whatever nn^ have been an- 
ployed as the index or root of the aritbmeKical Acale, yet the 
selection is not a matter of mere indi£Eefe«fief If Aae loot 
Wert smaller, a less number af disHnfft abauetan would be 
Bu£Sicient to express any number ; but these wotild require to 
be oftener repeated; Thus, the Binary ecale only req^iires 
<m« written character expressive of number, whereas the 
Penary requires nine. To express the same number, how- 
ever, on these two scales, more characters will be required by 
the Binary than by the Denary, as wiU be evident by express- 
ing any number, suppose eight hwndred and forty-five^ on 
bodi. 

By the Binary it will stand thus : IIOIOOIIOI ; and hf 
the Denary thus : 845. 

The Denary scale, which was gsenerally used by the an- 
dents, and now universally by the modems, is perhaps better 
&ted for arithmetical computations than any other of those 
scales which have been mentioned, but is not the best that 
might have been adopted. The index or root ten of the De- 
nary scale has only two aliquot parts, which are two and 
Jif^e; in other woids, ten is only divisible by the numbers /ti^o 
and^t^e, without any remainder. Had the Duodenary scale 
been adopted, whose index, twelve^ is divisible by more num- 
J^rs than that of the Denary, viz. by two, three, four, or mo?, 
a number ^expressed on the Dtwdenary scale would have been 
Invisible iiy i^ore divisors than if it had been expressed on 
the Denary ; and hence fewer fractions would have occurred 
^rom tlfB division of Qumbers expressed on the former scale 
jthiM^ do from those expressed on the latter. It is a curious 
^qt^ tjbat the celebrated Charles XII. of Sweden, a very j^prt 
time before his deaths seriously deliberated on a scheme of in- 
troducing this syst(em ci notation into his domioions. He 
peems aCo, s/t another time, to have h^d a strong desire of 
changing the index of the arithmetical scale from ten to siccty- 
fourf because 64 is both a square and a cube number, and 
when (canjdnuaUy divided by 2, is at last reduced to unity. 
" This idea," says Voltaire, " only sTiows that be delighted 
i» every thing extrjaojrdinary and difficult." 

10. JBefpoe taking leave of the subject of Arithmetical 
Scales, i)t 8e^^^i^ proper to explain the method of lar^nsi^rring 
any nuiqeiic^ e;qpres3ion from one scale to Another. 

Whe^ 3 number is expressed by my other scaje, l^t it b^ 
required to express it on the Denary or common scale. Ac- 
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cordix^; to tbe yrind^ pf notation, ibe Talue of any figure is 
increased as many times ^ (ifaere 9re imits in the index of 
the scale, by eacn removal of place toward the left hand ; 
lienee the method is obvious^ 

Ex. Transfer the number 2342 from the Quinary to the 
Daiary scale. 

6x4= 80 

6x5k3s 75 

6X6X6X2=850 

Ans. 347 on the Denavy or oomaion soak. 

|Sx. 8. Express by figures on the Denary scale the mim- 
ber 7P43 on the Octary. 

8^ 8 

8x4= 82 

6x8x6= 864 

8x8x8x7=8684 

Ans, 4008 on the Denary. 

Again,' when a number is given on the ]>eniuy scal^, let it 
be xe<|uired to express it on «oy other ical^* Tne methpd pf 
dflttig this wiU be readily understood from an example* 

Ex. 1. Transfer the number 8576 from' the Denary to the 
Senary scale. 

6)8676 

6)391 
6^S 
"i| Ans. 18118. 

Ex. % Transfer the number 10^463 from the Denary to 
ibe Qgipanr scale. 

5)105463 

5)gl09 




5)8 

5)1^3 

5)333 
5)6ls 



it 



Ans. 11383828. 
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Of the Grecian, Romany and Modem Notation by 

Written Characters, 

11. The Greeks expressed numbers by means of twenty^ 
Meoen distinct characters. Twenty-four of these were fbr- 
nished by the letters of thehr alphabet, to which they added 
three additional ones to make up the number. The first nine 
letters denoted units, or counters on the first bar ; the second 
nine, tens, or counters on the second bar ; and the third nine, 
himd/reds, or counters on the third bar. By writing a small 
dash below or above these characters, their value was increas- 
ed a thousand or ten thousand times. 

IS. The principal characters which the Romans employed 
in their notation, and which are still in use for representingdates, 
and numbering chapters, ^c. were I, V, X, L, C, D, M, by 
the various combinations of which, they were enabled to ex- 
press any number. 

Probable origin of these characters. The most convenient^ 
and even the most natural way of representing unity, by a 
written character, is by means of a stroke, I ; two, in like 
manner, by two strokes, 1 1 ; three by three strokes. III; and 
80 on, till the reckoner reached the number ten, when in or- 
der to intimate that the first bar, or that of units, was com- 
pleted, he would throw a dash across the mark for unity, and 
thus might arise X, the mark for t^i. Were this separated 
into two, firom the point where the strokes intersect either of 
them, V would become the mark for the half of ten, or for 
five. When the reckoner arrived at the third bar, or that of 
hundreds, he would combine three strokes, C, which, from 
greater dispatch in writing, would, in process of time, assume 
a round form, C . This character, L, separated into two, 
would give V or L, either of which L would represent fifty. 
In like manner, when he arrived at the fourth bar, or that of 
thousands, he woidd. combine four strokes, M, which assum- 
ing a round form, would appear thus, fO, or C I 3. This 
last, separated into two parts, woidd give C I or 1 3, either of 
which 13 being more condensed into the form D, would sig- 
nify the half of a thousand, or five hundred. The characters, 
C 1 3, and its half, 1 3, are sometimes used without any con- 
traction ; the former of which is increased ten times by writ- 
ing 3 on the right hand and C on the left ; the latter ten 
times by writing 3 on the right hand merely. Thus in re- 
gard to the increasing of C 1 3, 

€13=1000 and CC 1 33:= 10,000. Next in respect of 
the character 1 3, 
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I 3z=500 and 1 33=6000. Farther, a stroke above any ' 
of these characters, increases its value a thousand times. 

Thus M=1000, an^ M=1,000,000. 

The rules by which the Romans expressed any number by 
those characters, whose origin we have endeavoiued to trace, 
are the following : First, When the same character is repeat- 
ed any number of times, its value is to be taken as often. 

Second, When a charflrter of less value is placed on the 
left band of one of greater value, the value is to be deducted 
from that of the greater. 

Lastly, When a character of less value is placed to the 
right of one of greater value, its value is to be added to that 
of the greater. 

Thus X=10, XX=20, and XXX=80. 
IV=4, IX=9, and XIX= 19. 
VI=6, XI=11, and LI=61. 

13. The modem notation, which is far superior to that of 
either the Greeks or Romans, uses nine artificial characters 
expressive of number, as has been ahready alluded to, toge- 
ther with the cipher, which of itself implies a privation of va- 
lue. These characters are, 1, S, 3, 4, 6, 6, 7> 8> 9, 0, which, 
with the exception of the cipher, are called digits, (a term 
derived from the Latin word digitus, signifying the finger,) 
in reference to the primitive and predominating custom of 
reckoning by the fingers. They were first introduced into 
Europe by the Moors, who are said to have borrowed them 
from the Indians. Hence, the modem or common notation 
is sometimes called the Indian. 

14. In order to facilitate the writing or reading of numbers, 
the digits, by which they are expressed, are sometimes classed 
into periods of six figures each, beginning firom the units 
place. To these periods distinct names are given, which are 
as follows : tmitSf millions, billions, trillions, quadrillions, 
quintWions, seatiiUions, &c. These periods are farther divid- 
ed into half periods of three figures each. The first half 
period is called the period of units, the second that of thou- 
sands throughout aU the full periods. Thus the number 

Bfiliimi. MiUioDS. Units. 

6,488^584,878,284,800 which exjpeBacB the number of square 
fieet in the surface of our globe, is read 5 thousand 48S bil- 
lUms, 684 thousand 878 miliums, 884 thousand 800 tmits. 
The French, in a maimer somewhat simpler, divide numbers 
into periods of three figures each, which axe called, respec- 
tively, tmits, thousands, millions, biUions, trillions, &c. in- 



r 



12 ARITHMETIC. 

creasiog in 4 thousand fo)d proporlipn. Hew^ tb^ Frepoh 
and English xaodes of niweratioa agree a$ far A^ hiwdr^^lp ^ 
millions, but the English hWion i» a thouaafid times greater 
than the French* 

15- It is sometimes coByenient to conceive the digits hy 
which my number is expressed^ aa denoting fmif» of vanpua 
degrees of vahie. By the palpable symbols, for example^ oii 
th^ Peiiary apal^, tm counters on |he first bar are equivalent 
^0 one op the secoud^ and ten on the second, equivalept to 
one on the third &c. So in figurate arithmetic, ten units 4yf 
tlwjfirst order aare equivalent to one of the second, and tea of 
the second equivalent, in like manner^ to one of the third, &c. 
In this way, simple units are called units of iiie^rst order; 
tens, units of the .^^cond! order; hundreds, units of the third 
order ; and so on. 

16. However numerous the several operations to which 
numbera are subjected may appear^ atiU they are all reducible 
tP th>^ of confining wd ^^eparating. When two or mms 
numbei:s aiie fionjoinep^ that is, £irmea or collected into one, 
which is called their stim^ the process )by which this is eSbct- 
ed is denominated Addition. When one number is drawn, 
or separated from another, so as to leave their diffi^rence^ tne 
process by which this is accomplished is called Subtraction* 
If the numbers to be added are all equal to one another, the 
process is capable of being ;QaYicfa abridged, and then assumes 
the name oi Multiplication. Jf th^ Subtr/iction be Un^i^ 
to the continued withdrawing of the same quantity from ano- 
ther, it is then also capable of ahhreviatioiii <a;pd ta]$;/9S thp 
nam^ pf Divimn. 



ADDITION. 

17' Addition^ accordii^ to what is iM^ ia the preceding 
article^ is the method of finding a number which shaU be 
^ual to two or more given lawahers. 

The addition of numbers may be effected by sel2tj^^^' piit 

from one of them, and counting forwards as many units as 

are contained in each of the others fweeesovdy. Suppose it 

ireie required, for ouunple, to fiad die cum <if 7 ynits, B 

ismt»9 and 6 units. By adding vakyjlne tfanea to % we ob« 

tain in succesabn the nuQibess eighty nine, ten, eleven, and, 

lAatly» /toe&se. Agjpin, by adding luiily eim ciinea to twdhre, 

we arriye in like manner at mglUeen, thus showmg thf t the 

Slim 4>f liie giveo munbera is 1& Weee the nonAers large, 

1 
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this meth6d would evidently be i]i8iipp0i<«}jl^ ttfdk^ bmu 
^nsome to the mdmorj^ jnd ftlsci much esp4s«i 1^ erfoi^ 
We iiave^ therefore, ^teoorac) td anoiblr, fetfoded oil Am 
principle df notation, and duii the Ma of kvesik wlloiw li 
«iqual to the sums of th«ur Berenl parts. 

Ex. 1. Required the sum of 5683 and 4^3. 

Arranging tliese numbers, so that units of the same order 
sftay stand under one another ; we have 3 units and 3 k^^a 
Units, whioh aits together equal to 6 units ; 1 ten and 4,^^^ 
JA tenK, equal t6 9 tens ; 2 hundreds and 6 hundreds^ 
ei^ual to 8 hundreds ; 4 thousands and 5 thousands, 
equal to 9 thousands. Hence the sum of the two 
Kiven numbers is 9 thot^ands, 8 hundreds^ 9 tena, and 6 
miits. . 

Ex. 2. Hequired the sum of 7845, 6^38, 507, ind 50. 
. The sum of the units of the first order is 29, which (No. 
15.) are equal to 2 units of the second order, and 9 
of the first. Writing these 9 units of the first order, 7845 
and carrying the 2 units of the second order to the 6238 
next colutnn, we there find the sum of this second 507 
order of units to be 14, which are equal to 4 units of 59 

the second order, and 1 of the third. Writing the - 
4, and adding the 1 to the sum of the units in the 14649 
next column, or that of the third order of units, we 
obtain 16, which, in like manner, is equal to units of the 
third order, and 1 of the fourth. This unit of the fourth 
order being added to the sum of the units in its proper co- 
lumn, gives 14, which is equal to 4 units of the fourth 
order, and 1 of the fifth. In the same way may the process 
be continued throughout any number of .columns. Hence 
the sum of the given numbers is expressed by one unit of the 
fifth order, four of the fourth, siof of the third, four of the 
second, and nine of the first. 

Sameexampleby the ^&aott«, where 1 i i 1 i 
the large counter denotes 5> or half 10^10 
the index of the scale. 

The sum of the counters on the first 
bar is twenty-nine^ which are equiva- 
lent to nine on the first, and two on j X 
the second. The sum of the coun- | W 
ters on the second bar is already | \ 
twelve^ which, together with the two 
carried, m^kes fourteen : these, again. 
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been diminished by anej three will remain ; from which, if 
the one in the subtrahend be taken, two will be left. Again, 
as the units of the thiid otder in thti subtrahend, exceed 
those in the minuend, we, in like manner, in order to effect 
fiia dubcraction, take oM itoli from the nhm of the fiXurtb or- 
d^t. wMdi utiit, being equal to ten of the tUid order, will, 
with the tkree^ mtke thifteen vssai» of tkig order ; iBMrn^ if 
ftMU these the Ji/te ttnitd of the iubtraliend be taked^ tbete 
ifill teiiiaiii eight* Lastly, hi ootMquenoe of one unit being 
taken from the ^ntms of the fourth order, eight wiU reniaby 
from which, if ^ be taken, two will be left In the same 
iray may the pro66S«r be^ cobtittued tbrougboat any number of 
eohitnns. 

19. This mode of procedure, which is certainly the mdat 
natural, is adopted by the Continental Aiithmeticiaiis, but dif*- 
fers a Uttle from that employed hi Britain. To take the 
same example as before. Here (in order to efect the 
subtraction) we add ten unie^ of the ihst Older to the d34i5 
Jhe dP the minuend, and from this sum deduct eighty 6518 

and eeeen remains. Now, in order that the difference 

may remain the same, we must also increase the sub' £887 
trahend by ten units of the first order^ or, wbich wiU 
amount to the same thing, by one of tne second. This being 
done, we shall have two units of the second offder to subtract 
from four, which will leave a remainder of tufo. Adding tsfi 
units of the third order, in like manner, to the three^ we ob- 
tain thirteen, from which, if the^«e in the subtrahend be 
taken, there will remain eight. Again, as the minuend was 
increased by ten units of the third order, we must also in- 
crease the subtrahend by ten units of this order, or, whicb is 
equivalent, by one unit of the fourth order. The units of 
the fourth order being increased by this one^ wiU become 
seven, which, subtracted from nine, leave two as a remainder. 

This process explains the meaning of the terms borrowing 
and carryings as used in arithmetic. The one we carry is 
always equal to the ten we borrow, because it occupies the 
next higher place on the scale. 

20. Subtraction may be proved by itself, <a by the help of 
addition. For it is obvious, that, if the difference as obtained 
be correct, it must, when subtracted from the greater, leave 
the less as a remainder ; or, when added to the less, repro- 
duce the greater. Still, however, the proof is not absolutely 
certain, that is, it is not demonstration, but merely affi>rd8 
presumptive evidence of the operation being right. 



MCJLTIFLICATIOX. 



17 



MULTIPLICATION. 

21. Multiplication, as already stated (No. 16^, is nothing 
else than a compendious method of perfonning aodition, when 
the numbers to be added are all equal to one another. Hence 
it may be defined to be the method of finding the amount of 
a given number, repeated a certain number of times. 

This given number is called the mtUtiplicand ; the num- 
ber of times that it is repeated, the mtUtipHer ; and the re- 
sult, the prodtict The miiltiplicand and multiplier are ako 
sometimes denominated /ac/or«. 

When the multiplier is small, the produ<!t may be ob- 7 
tained by actually performing the addition. Required, 7 
for example, the amount of seven taken four times. Here 7 
we have only to write the multiplicand, seven, as often 7 
as there are units in the multiplier, four, and then add — 
the four sevens together, thus : 28 

In this way the products of every two di^ts may be found, 
which, when tabulated and committed to memory, will great- 
ly facilitate the process of multiplication. A table of this 
description, called, from its use, the Multiplication Table, 
was first formed by Pythagoras, a celebrated Grecian philo- 
sopher, in honour of whom, it is sometimes called the Pythor- 
gorean Table, With a little extension, it is as follows : 
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The product of any two numbers which the table contauu, 
will be found at the junction of the vertical and horizontal 
columns, at whose extremities the two numbers respectiTely 
appear. Thus, to find the product of 6 and 9> we have onfy 
to observe, where the columns, at whose extremities 6 and 9 
are respectively written, meet one another, and there we find 
the product 54. 

EXAMPLES IN MULTIPLICATION. 

Ex. 1. Ex. 2. 

2321 7864 

3 6 



6963 47124 

^ The process in Ex. 1. is sufficiently obvious. In Ex. 2. 
six times four units are twenty-four units, equal to two units 
of the second order, and four of the first ; six times five are 
thirty, which, with the two carried, are thirty-two, equal to 
three units of the third order, and two of tne second ; six 
times eight are forty-eight, which, with the three carried, 
make fifty -one, equal to five units of the fourth order, and 
one of the third ; six times seven are forty-two, which, with 
the five carried, are forty-seven, equal to four units of the 
fiflh order, and seven of the fourth. 

22. To multiply any number by 10, it is merely necessary 
to annex a cipher to it. For, by doing this, each collection of 
its units is increased ten times ; that is, the units are changed 
into tens, the tens into hundreds, and the hundreds into thou- 
sands, &c. or the whole number is rendered ten times as great 
as at first. 

In the same manner, to multiply any number by 100, it is 
only necessary to annex two ciphers to it. For by annexing 
one cipher, its value (No. 22) is increased ten times, and, by 
annexing another cipher, this last value will also be increased 
ten times ; that is^ the value, after two ciphers are annexed, 
will be ten times ten times, or a hundred times as great as at 
first. Hence we draw this general conclusion, that when the 
multiplier is expressed by unity with any number of ciphers 
annexed, it is merely necessary to annex that number of ci- 
phers to the multipUcand, in order to obtain the product. 

Ex. To multiply 75 by 10, we must annex one cipher, and 
the product will be 750. To multiply it by 100 we must an- 
nex two ciphers, and the product will be 7500, and so on. 

28. If the digit of the multiplier be any other thm unity. 
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the pioduct will be obtained by multiplying by this diffit, and 
then^«nexing the cipher. 

Thus, for example, the product of 752 multiplied by 400, 
will be found, by midtiplying 752 by 4, and then 
annexing two dphers to this product. This is ob- 'J52 

"nous, for, when 752 is multiplied by 4, its value is, 400. 

of course, increased four times ; and when, to this -i— — 
quadruple sum, two ciphers are annexed, its value is 300800 
increased a hundred times. Hence this last value 
will be a hundred times four times, or four hundred times 
the first ; that is, (Def) it will be die product of 752, mul- 
tiplied by 400. 

24. We are now prepared to explain the method of multi- 
plying by a number which is wholly expressed by digits. 

Let it be required, for example, to multiply 789 by 453. 
The meaning here is, that the multiplicand 789 is to be 
taken 400 times pltia 50 times pltM 3 times. Now, it is ob- 
vious, that if 789 be mutiplied successively by 400, by 50, 
and by 4, and these partial products be added together, their 
sum will express the total product of the two given numbers. 
Ifence the operation will stand as follows : 

789 
453 



2367 the product of 789 l)y 3, 

39450 789 by 50, 

315600 789 by 400, 

357417 equal to the sum of the partial products, or 
the total product of 789 by 453. 

The first partial product is obtained as in Ex. 2 of No. 
2I9 the second and third as in the Ex. No. 23. 

Again, let it be required to find the product of 8795 by 
5004. 

Here the multiplicand 8795 is to be taken 5000 times plus 
4 times. 

8796 
5004 



85180 the product of 8795 by 4. 
43975000 . . - . 87951^5000. 

44010180 equal to the sum of the partial products, or 
the total product of 8795 by 6004. 
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From s consideration of the foregoing examples, it is 
manifest, that the ciphers, on the right of the partial pro- 
ducts, cannot affect the sum of the latter, that b, the total 
product ; these ciphers, therefore, which merely indicate the 
rank of the digits, may be omitted in practice, by observinif, 
that the product of the units of the multiplicand by the tens 
of the multiplier, wiQ be tensj and will therefore occupy the 
second place from the right ; that the product of the units of 
the multipUcand, by the hundreds of the multiplier, will be 
hundreds^ and will therefore occupy the third place from the 
right ; or, in general, that the product of the units of the 
multiplicand, by any one of the digits of the multiplier, will 
express the same order of units as this digit, and will there- 
fore stand exactly under it. 

25. If the multiplier be a composite number, thai m, one 
formed by the continual multiplication of two or more num- 
bers, the product may be obtained by multiplying continually 
by its factors. Thus, for instance, 95 multiplied .by 28, will 
be equal to 95 multiplied by 7, and this last product by 4. 
This must be obvious, because 4 times 7 times 95, are evi- 
dently 28 times 95. 

26. The preceding method will apply, so far, although the 
multiplier is a prime number, that is, one which cannot be 
formed by the continual multiplication of any numbers. In 
this case, we have merely to multiply by the factors of that 
composite nimiber which is nearest the given multiplier, and 
to or from this product, add or subtract that number of times 
the multiplicand, expressed by the units in the difference of 
the composite number and given mijltiplier, according as the 
former is less or greater than the latter. This will be better 
understood, perhaps, by an example. Suppose the product 
of 83 by 47 were required ; then, since 47 is equal to 46 plus 
2, or 48 minus 1, we nnght either multiply continually by 
the component factors of 45, and to this product add twice 
83 ; or, multiply continually by the component factors ci 48, 
and from this product subtract 83. 

This latter method is applied with peculiar effect, when the 
multiplier is any number of nines. If the multiplier were 
999 for example, we would merely require to annex three 
ciphers to the multiplicand, and then subtract it from the pro- 
duct ; because 999 is equal to 1000 mimes 1. 

27. Multiplication may be proved in a variety of ways, 
many of which will readily occur to the intdUgent student. 
One method is to make the factors change places, and see 

4 
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whether their product, when taken in this order, be the same 
as at first. 

This method of proof proceeds on the principle, that the 
product of two numbers is the same in whatever order they 
are taken ; that 4 multiplied by 3, for example, will give the 
same product as 8 multiplied by 4. To demonstrate this, 
let the units in 4 be represented by a horizontal row .... 
of physical points, and repeat this rov/ as often as • • • • 
there are units in 3. Then, it is obvious, that the • « - - 
whole number of points will be found, either by adding three 
fov/rs together, or four threes. But three fours are equAl to 

4 multiplied by S, and four threes are equal 3 multiplied by 
4. Hence the product of 4 by 3, is equal to the product 3 
by 4 ; and the same may be demonstrated of any two num- 
bers whatever. 

Multiplication may be also proved by help of Nos. 25 and 

DIVISION. 

£8. Division is an expeditious method of finding how many 
times a less number can be subtracted from a greater ; or, 
which amounts to the same thing, it is that process by which 
we discover how often the greater contains the less. 

The less of the two given numbers is called the diviaor ; 
the greater, the dividend ; and the number of times that the 
latter contains the former, is denominated the quotient 

Since the quotient expresses the number of times that the 
dividend contains the divisor, it is manifest, that the product 
of the divisor and quotient must be equal to the dividend. 
Hence division has sometimes been defined, to be the method 
of finding a number, which, when multiplied by the less of 
two given numbers, shall produce the greater. 

When the quotient, or number of times that the 35 
dividend contains the divisor is not very great, it may JL . 
be obtained by actually performing the successive — 
subtractions. Thus, let it be required to find how — 
cften 7 is contained in 35. Here by a process of con^ ^. 
tinned subtraction, we find that 7 may be taken away j^ 

5 times from 35, and that after 5 abstractions there is r 
no remainder. Hence we infer that 35 contains 7? T 
5 times. j^ 

S9. This method of finding the quotient by continued 
subtraction, though possible in every instance, would evident- 
ly be often very tedious and inconvenient; we have therefore 
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leeourse to another, by which the quotient may be detexmin- 
ed in all cases, with great facility. And here it will be most 
conrenient to conceive the quotient as that number, which, 
when multiplied by the divisor, will produce the dividend. 

Ex. 1. Let it be required to find how often S is 2)864 
contained in 864. — .— .i. 

432 

Here we readily perceive that 800 contains 2, 400 times, 
because 400 multiplied by 2 are equal to 800. In the same 
manner 60 contains 2, 30 times, and 4 contains 2, 2 times. 
Hence 2 is contained 400 plus 30 pliis 2 times, or 432 times 
in 864. 

80. A simpler view might perhaps be taken of division 
than the preceding ; for it must appear obvious to every one, 
that the quotient of a number divided by 2 will be the half 
of that number ; or, if divided by 3, the third part of that 
number, and so on ; and it is as evident, that to obtain the 
half, the third, or fourth part, &c. of any number, we have 
merely to take the half, the third, or fourth part, &c. of 
every collection of its units. Hence, in the preceding ex- 
ample, we shall have for the quotient the half of 8 hundieds, 
or 8 units of the third degree, which are 4, plus the half o£ 
6 tens, or 6 units of the second degree, which are S^plus the 
half of 4 units of the first degree, which are 2. 

Ex. 2. How often is 5 contained in 9675 ? 

9 units of the fourth order, are equal to 5 plus 4, or 5 of 
the fourth order, and 40 of the third ; these 40, together 
with the 6, make 46 of the third, which are pqasl to 45 of 
the third, and 10 of the second ; these 10, together with the 
7, are equal to 17 of the second, or 15 of the second and SO 
of the first ; which, together with the 5, make 25 of the first. 
Hence it appears, that the given number, 9675, is expressed 
by 5 units of the fourth order, 45 of the third, 16 



5|45I15|26| 
91 31 51 



of the second, and 25 of the first, thus : — 
And by taking the fifth part of each of these 
collections, we obtain for the quotient 1935. 
This decomposition may be efiected while the division is 
going on, by observing that the denomination of each re- 
mainder is ten times as great as that of the succeeding unit, 
thus: — 

The fifth part of 9 is 1, leaving a remainder 5)9675 
of 4 ; this 4 being 40 of the succeeding units, will, . 1935 
with 6, make 46, the fifth part of which is 9, leaving a re- 
mainder of 1, which, in like maimer with the 7, will make 
17, the fifth part of which is 3, leaving a remainder of 2 ; 
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the 2 being 30 units of the succeeding order, will, with 5, 
make 25, the fifth part of which is 5. 

This is the plan which is adopted in practice, when the di- 
visor does not exceed 12. When the divisor is considerably 
great, it will be necessary that the whole numerical process 
appear, with the view of disburdening the memory, and insur- 
uig an accurate result. 

Let it be required, to find, for example, how often 85 is 
contained in 25760. 

From a comparison of the divisor n^^r^^^f^i^r.^^ i_ :i j ' 
with the high4 order of units in ^fj.^^^ hundreds 
the dividend, we see that there can 
be no unit either of the fifth or fourth 1^6(8 tens 

order in the quotient. Our next in- ^^^ 

quiry then is, what is the S5th part 210(6 units 

of 257 units of the third order, that 210 

is, of 257 hundreds ; this we per- 
ceive to be 7 himdreds, which, when multiplied by 35, and 
the product subtracted from 257, leaves a remainder of 12 
hundreds, or 120 tens; these 120 tens, together with the 6 
tens, make 126 tens, the 85th part of which is 8 tens, which, 
when multiplied in like manner by 35, and the product sub- 
tracted from 126 tens, leaves a remainder of 21 tens, or 210 
units, the 35th part of which is exactly 6 units. Thus it ap- 
pears, that the 35th part of the given number, 25760, is 7 bun- 
dreds, 3 tens, and 6 units, or 786 ; but the 35tJi part of the 
dividend (according to what is stated at the beginning of the 
present number) expresses the number of times that it con- 
tains the divisor ; hence 25760 contains 35, 736 times. 

Although the quotient in the preceding example has been 
obtained analytically, yet it is manifest that the mere mecha- 
nical process difiers in nothing from that of the common rule 
the reason of which must here appear to every one. 

This might also be made to appear in the following man- 
ner : — Suppose we wish to ascertain the quotient of 5052925 
divided by 563. 

56$)505^925(fif(pji the first partial quotient. 
^50^f^^ 9p^ the second. 

5^^9iM 7fi the third. 
5O67P0 5 the fourth. 

4222/ 8975 the sum of the partial quotientf, or the 
394*1^ whole quotient. 

"2815 
2815 
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If, in tlie shore example, the ciphera he suppressed, which 
merely serve to indicate the raiik o( the digits, and one figure 
of the dividend be annexed to the remainder after each divi- 
sion, we arrive again at the common process, Which is, as ire 
now see, established on sound principle. 

31. In Division, there are several abbreviations, &c. simi- 
lar to those stated under Multiplication, (Nos. 22, 23, and 
25,) which it would be superfluous here to exemplify. 

32. Division may be proved, by observing whether the pro- 
duct of the divisor and quotient, added to the remainder, if 
there be any, be equal to the dividend. 



FRACTIONS. 

33. A fraction is a quantity which represents a part or 
parts of a unit or whole. 

If a unit be divided into two equal parts, each of these is 
called a half of a unit or whole ; if into three equal parts, 
each of them is called a third, &c. 

34. A Fraction is expressed by two terms, called the Nu^ 
merator and Denominator. The numerator shows of how 
many equal parts the fraction is composed, and the denomina- 
tor indicates the number of these equal parts into which the 
unit is divided. Thus, for instance, if a unit be divided into 
seven equal parts, andj^ve of these be taken, then these^i^e- 
seventks are expressed thus, 4 ; the numerator being always 
placed above the denominator. 

35. A fraction may be considered as the quotient arising 
from the division of the numerator by the denominator. Thus, 
for example, the value of the fraction f is the same, whether 
we conceive it as denoting the fifth part of four units, or four- 
fifths of one unit. This may be easily shown by the help of 
a line. 

Let each of the lines AB, BC, CD, and D£, represent a 
unit, then will AE be four units. Divide each of these 
units into five equal parts ; and let AF be four of these, then 
is AF ^ of AB, that iSj AF is ^ of a unit. Now, since 

A B C D E 

« L- 1 ! I 

I I I I I I I I 1 I J I I I I j I I I t\ 

F 

each of the five units is divided into five equal parts ; the 
whole line AE is divided into twenty equal parts ; AF, 
which contains four of these, is therefore the fifth part of AE, 



I 
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that k, of finir times AB. Hence, it appears, that the fifth 
part of four times AB, i& of the same Talue as four-fifths of 
once AB. 

36. A proper fraction is one whose numerator is less than 
its denominator; as f . ^ 

37. An improper fraction is one whose numerator is either 
equal to, or greater than its denominator ; as | or |. 

38. A compound fraction is a fraction of a fraction ; as 
§ of f. 

39* A mijped ntmber is that which consists of a whole, or 
integer number, and a fraction ; as 5|. 

j^xmi the preceding definitions, the following deductions 
are easily made. 

40. (1.) That a fraction is equal to, less or greater, than 
unity, according as its numerator is equal to, less or greater, 
than its denominator. 

41. (2.) That to multiply a fraction by any number, mul- 
tiply the numerator by that number, and retain the same de« 
nominator ; or divide the denominator, and retain the same 
numerator. 

42. (8.) That to divide a fraction by any number, divide 
the numerator by that number, and retain the same denomi- 
nator ; or multiply the denominator, and retain the same nu- 
merator. 

Hence it follows, that if the numerator and denomina- 
tor of a fraction, be either both multiplied, or both divided 
by the same number, the value of the fraction will remain 
unchanged. 

48. From the preceding, it is obvious, that the same frac- 
tional value may be expressed in an endless variety of ways* 
It hence becomes an important object to ascertain what the 
lowest or least terms are, in which it can be expressed. 
These may be attained, by dividing the terms of the fraction 
continually by some small number that will divide both, un- 
til they are not any fiirther divisible ; or by dividing them at 
once by their greatest common measure, thai m, by the great* 
est number that will divide both without a remainder. 

44. The method of finding the greatest common measure 
of two numbers depends on the two fdlowing obvious prin- 

• For an explanation of the BJgns +> — ^ X > -r* =»> see the be- 
ginning of Algebra. 
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dples. 1. " Any number that measures each of two others, 
must also measure their sum and di&rence. ft. Any num- 
ber that measures another, must also measure its douUe, 
treble, or any other multiplier of it^^ 

Let it be required to find the greatest common measure of 
3S5 and 465. 

Here, since the number we are in search of must measure 
each of the numbers 3^ and 455, it must, according to prin* 
ciple, Istf measure their difference, ISO; now, by principle, 
idf it must measure twice 130, or S60, which is the nearest 
multiple of 130 to 325. Again, since it measures both 3£5 
and ^(50, it must measure their d^erence, 65. The greatest 
common measure then of the two given numbers must mea- 
sure both 65 and 130. Now, 65 itself does this ; hence 65 is 
the greatest common measure sought. It is obvious that it 
can be no number greater than 65, for no greater number 
would fulfil the requisite condition of dividii^ 65 without a 
remainder. 

From the preceding investigation, it appears that the pro- 
cess of finding the greatest common measure, consists in the 
successive decomposition of the two proposed numbers, and 
may be exhibited as follows : 

325)455(1 
885 

130)325(2 
260 

65)130(2 
130 

Hence the general rule may be expressed thus : Divide the 
greater by the less, then divide the preceding divisor by the 
remainder y and so on continuaUy tmtU remains ; the last 
divisor is the greatest common measure sought 

Hence the greatest common measure of three or more num- 
bers may be found. For we have merely to find the greatest 
common measure of the first two numbers, then the greatest 
common measure of their common measure and the third num- 
ber, and so on to the last of them. 

If, by the rule as now enunciated, we find the greatest com- 
mon measure of the numerator and denominator of a firaction, 
then^ the fraction will be reduced to its lowest terms at once, 
by dividing both terms by it. Thus, if the terms of the fi*ac- 
tion If 7 be both divided by 65, their greatest common mea- 
sure, then this same fractional value >ill be expressed, in its 
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lowest tenns, by f . When, by the preceding process, we 
discover that the terms of a fraction have no common measure 
greater than unity, then the fraction is abeady in its lowest 
terms. 

45. A whole number may be represented as a fraction hav* 
ing any given denominator. 

Ex. Reduce 7 to a fraction whose denominator shall be 5. 
Here 7 are equal to 7 units, or I ; this value will not be al- 
tered (No. 42,) if both numerator and denominator are mul- 
tiplied by the same number ; let them both be multiplied by 

5, and we shall obtain T-rrror-T- for the fraction sought 

From this it is obvious that, to reduce a whole number to a 
fraction having a given denominator, we have merely jto mul«- 
tiply the given number by the given denominator, and under 
their product write the denominator. 

46. Hence it follows that a mixed number may be reduced 
to an improper fraction, and conversely. 

Thus, 8^= ^ and ^= ^ and ^ that is to ". 

And^=fand|=9|. 

A little attention to the preceding steps renders the formal 
statement of any rule quite unnecessary. 

47. A compound fraction may be reduced to a simple one, 
by multiplying all the numerators together for the numerator 
of the simple fraction, and all the denominators together for 
its denominator. 

The reason of this will appear from an example. Let it be 
required to reduce f of | to a simple fraction. 

The meaning of this expression is, that the third part of | 
is to be taken twice. Now, the third part of | is equal to 

- -?- 8 = —-Z = — , (according to No. 42,) and - - taken 

A ft 

twice is equal to tt ^^==iT» (No. 41,) a simple fraction, whose 

numerator is the product of the numerators, and denominator 
that of the denominators. If the compound fraction consist 
of three or more fractions, the two first may be reduced to a 
simple one, and then this and the third to another, and so on 
to the last. 
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Ex. S. Reduce - of- of | to a simple flractioii. 

Here lof|off=ig||-J=i-;=A by reducing it toite 

lowest terms. 

An expression of this kind may often be simplified by ex- 
punging those numbers which are common to the numerator 
and denominator. Thus, in the preceding example, the num- 
ber 5 may be cancelled, since it appears both in the numera- 
tor and denominator, for this is nothing else than the division 
of both terms by the same number. 

3 4 7 2 

Ex. 3. Reduce-T of - of- of 5- to a simple fraction. 

The 5| = ^, (No. 46.) Hence | of ^ of ^ of 6|=: | of 

iofIofiI-, 3:x>f?x;/xl7 ^iI 
7 8 3-^x;fx8x? . 8' 

48. Having given a fraction expressed in one denomina- 
tion, it is sometimes convenient to express it in another. 
Thus, for example, let it be required to reduce f of a guinea 
to the fraction of L. 1. We operate on this fraction exactly 
in the same way as we would on a whole niunber, to reduce it 
from guineas to pounds ; that w, we multiply it by 21 to re- 
duce it to shillings, and then divide by SO to reduce the shil- 
lings to pounds, observing that the general rule for mul- 
tiplying a fraction is to multiply its numerator; and 
for dividing it, to multiply its denominator. (Nos. 41 and 
4S.) Hence the operation will be as follows, f of a guinea 

5X21 105 21 8 A ^ 

=— — = rrr.=^=7 of a pound. 

7x^0 14Q 28 4 '^ 

Ex. 2. Reduce ^^ of half a guinea to the fraction of a 
crown. 

Here the fraction must evidently be multiplied by 21, and 
divided by 10, because 21 sixpences makes half a guinea, 
and ten make a crown. 

5 nt li. . 5X21— . lOo _2i _7 « 

- of half a guinea = j^-— ---- of a crown. 

49- A quantity may be reduced to a fraction of any given 
denomination belonging to it, by reducing the given quantity 
to the lowest name it contains for the numerator, and the 
proposed integer to the same name for the denominator, and 
then reducing the fraction to its lowest terms. 

Ex. 1. Red. 2^d. to the fraction of a shilling, 2|:=5 half- 
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pence ; and 1 sh. = 524 half-penoe. Now, it is obvious, that 
1 half-penny s^^of a shilling; and hence, that 5 half-pence, 
or Sgd.=^^8h. 

Ex. 2. Bed. 17s, 6d. to the fraction of a ^e. 17s. 6d.=:35 
sixpences ; and «£1=40 sixpences ; hence 1 sixpence is ^^ of 
a £ ; and, of course, 35 sixpences are |^ or ^ of a £. 

Ex. 3. Red. ds. 4^d. to the fraction of a guinea, Ss. 4^d. 
=81 half-pence; and 1 guinea=iL504 half^pence; hence, 

*•• 4|d. = g^ = 1^= ^ of a guinea. 

50. The converse of this problem is also easily managed, 
viz. given a fraction to find its value. Thus, let it be re- 
quired to find the value of | of a guinea. 

4 of a guinea is the same as the eight part of 5 guineas, 
(No. 35.) Now, 5 guineas are equal to 105 shillings ; and 

105 

hence, the eight part of 5 guineas is=:— = 13s«l^d. 

61. In order that fractions may be compared or added to- 
gether, it is necessary that they be of the same kind, that iSy 
that they have the same denominator. Fractions of difierent 
denominators may be reduced to equivalent ones, having the 
same denominator, by multiplying each numerator into all 
the denominators except its own, for the numerators of the 
equivalent fractions, and all the denominators together for 
their eommon denominator. 

The principle of this rule is, that if the numerator and de- 
nominator be both multiplied by the same number, the value 
of the fraction is not altered. That both terms are multi- 
plied by the same number, by applying the preceding rule,* 
will readily appear from an example. 

Let the fractions |, ^ and | be reduced to equivalent frac- 
tions, having the same denominator. 

3_ 3X6X8 _144. 5_ 5 X iX 8 _160 . 7_ 7X6X4 _168 
4""4x 6X8^192' 6'"6X4X8""192' 8""8 x 6x 4"~192* 
XT ^ 3 5 ,7 ^ 144 160 , 168 ^. - 

Hence, -. - and - are = j^^^ jSi *^^ m ^^P^ctively. 

Fractions admit of being reduced to a common denomina- 
tor, which is less than the product of their denominators, 
when the least common multiple of the denominators is less 
than their product. 

Thus, in the example now given, it is obvious that the 
least common multi^ of the denominators is 24, that is, 24 
is the least number that will contain them all without a re- 
mainder. Now, 24 contains 4, 6 times ; 6, 4 times, and 8, 
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8 times. Hence, if the tenns of the firadion | be. multi- 
plied 6, those of I by 4, and those of i by 3, we obtain ^f ^ 
a and f ^ for the given fractions reduced to their least conu 
mon denominator. ^ 

This method of reducing fractions to their least common 
denominator is often exceedingly convenient; the student 
would therefore do well to make himself thoroughly acquaint- 
ed with it. 



ADDITION OF FRACTIONS. 

52. If the fractions to be added have the same denomina- 
tor, their addition will be effected by writing the sum of their 
numerators above this denominator. 

Ex. 1. l-+l-+l-=?:+^=i?. This musti^pearob- 

vious to every one, since 2, 3, and 5 quantities of the same 
kind, are equal to 10 of that kind. If the fractions have dif- 
ferent denominators, they must be reduced to others having 
the same denominator before they can be added. 

Ex. 2. .+ +-=_++_ (No. 61.) = 



12 



iji (No. 46.) 



Ex.3. jof-+3-of 6^=jof-+3-of.-=-+- (No. 



15 ,88 ,^T„ u, . 15+88 103 .7 

-^+- (No. 61.) = -^_=_= 4^-. 



7 



Ex. 4.8i+7|+6^=8+7+5+|+|+^=20+|P+^+ 

Ex. ft Reqmred the sum of <£ |, f of a guinea, and | of 
a shilling. 

£'-='-^^^=.^=.£0 12 6 1 
G.|=i21?l=lf= 18 8 

S. -=—_=-= 9 



(No. 60.) 



jei 11 11 

The preceding ex«mple might be solved, by reducing the 
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gmn fractions to others of the same kind, for instance to the 
fraction of a £, and then adding tl^em all together thus : 

^-ofainiinea=^^^=— =^=~ of a ^, and § of a shU- 
-01 a guinea — g^gQ— jgQ 45 15 '4 

linff = — — ~ of a ^ (No. 4B.) 

Hence.fg+G.-+ Sh.j=^g-+.*'i5+'*'8o -s40 +240 + 

J 1 50 4-224 4-9 _3g3^_PT jjg ;|;id^ ^8 before. 

240"" 240 240 



SUBTRACTION OF FRACTIONS. 

63. If the fractions have the same denominator, their dif- 
ference is equal to the difference of their numerators, written 
above this denominator. 

17 * 1 L—^— - this is manifest; for two quantities of 
-Ci>. A. ^ 9—9' 

any kind subtracted from 7 of the same, wiU leave 6 of that 

If the fractions have different denominators, they must be 
reduced to other equivalent ones, having the same denominar- 
tor, before the subtraction can take place. 

Ex. % :-i=g-s (N- «) =^-=i- 

115 -. 3986 S41S_3?36;^«41S|_1S21__S0T^_169 

^(No. 47.) =^^ 1008"" 1008 ""1008 336 112 



-liL 

-^iis* 



Ex. 4. Reqviired the difGsrence of 8J and 6^- 
Having reduced the frwtional parts of the JJ =8|| 
quantities, to fractions of the same denommator, 6i,-6j5 

we find that the fractional 'part of the minuend 

exceeds that of the subtrahend. In order, th«re. 
fore, to effect the subtraction, we add a umt, or 
?* to the '^- of the minuend, which will make^j ; ^jbeing 

24 24 

subtracted from this, there remains ^. Now, as the minu- 
end was increased by unity, the subtrahend must also be in- 



8S5 

45 23 
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creased by umty, duit the dBfference may remain the mine, 
(Principle S, No. 18.) We shall therefore have 6 to sub- 
tract from 8, which leaves a remainder of 2. Hence the di£. 

ference of the two given quantities is Srj. 
Ex. 5. From £^^^ take | of a guinea. 



l.t="::iSfk.}(No.5o.) 



Ss. 9d4. 



This example may be done in a way similar to that in 
which the last example of addition is solved. 

|of a guinea=|^=^ of a £ (No. 48.) 
Hencejel.-G.|=^^— je??-=**^ '"" ^'"^'"^ 



12 ^8— "^12 -^160 4S0 480 "" 480 
91 
480 



JP:^=3s. 9id. as before. 



MULTIPLICATION OF FRACTIONS. 

54. The rule for the multiplication of a fraction by an in- 
teger has been already stated, (No. 41.) 

To multiply one fraction by another is to take such a part 
or parts of the one as the other expresses. Thus, for ex- 
ample, to multiply f by §, means that the J of f is to be 
taken twice, or, which is the same thing, that ^ is to be mul- 
tiplied by 2 and divided by 3. Hence the process is the 
same as that of reducing a compound fraction to a simple one. 

The product of | by | is therefore = | of - = ?^ = ^. 

(No. 47.) 

Ex.».4x^=fx|=f=,4. 



EX. 8. 1 rf| rf 4i X 44 rf| rf| X f = 1^5| X 
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^6^8 ""8 ^ 8 *~ 16 ""^16" 



Ex. 4. Required the price of 3| yards at 16s. 8d. per ell. 
Here we may find the price of a yard, and then multiply 



I 



I 
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it by 3{ ; or, we may reduce Sf yards to the fraction of an 
dl, and then multiply the ISs. lOd. by it. 

Under the impression that it is more profitable tor the stu- 
dent to understand one example thoroughly, than to run 
through a multitude carelessly, we shall solve the question by 
the two methods alluded to. 

Since ayard contains 4 quarters, and an ell 5, a yard is, of 
course, | of an ell ; and, therefi>re, the price of a yard wiU be 
I of 168. 8d. = 18s. 4d. or 13^ (No. 49.) 

Hence 18|x3|=^x 1=^25=46^.= ^2, 6s. 

O/Aewwe, 3| yards =f. yards =f|f = ^=f^ ells. 
(No. 48.) 

Hence 16s. 8d.Xj^= 163Xjy=3-Xi^=^=46s.=: 
£^i 5s. as before. 



DIVISION OF FRACTIONS. 

5& The manner of dividing a fraction by an integer has 
been already explained, (No. 42.) 

When the mvisor is a fraction, the rule Is to invert the 
terms of the divjisoir, and then multiply the dividend by this 
inverted dividor, as in Multiplication. 

The reason dP this rule will be perceived by the following 
examples. 

Let it be reqiured to divide -by -. 
|-t-2=^, (No. 42.) ; now, as the divisor is not 8, but |, or 

m V 

- of 2, (No. 35.)9 o will therefore be contained three times as 

often in I as 2 is ; hence ^ X^=|5^=l^ ^^ the quotient, 

. which agrees with the rule. ' 

The quotient may be obtained in another way, though less 
convenient than the preceding. 

Thus, I -^|=|JH-~. Now, it is obvious that -g wiD 
contain —- just as often as 21 contains 16, which is — or 
• Ijj times. 
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Ex. 8. 1 of 5|^2l=lof^ 4.?-="2^*=r?^-^* — ?^ 



9 48 «2S 

^5"" 25 — ^25* 



Ex. 4. Divide ^^ by sl- ^f--- 3^=*-h-I=-X - = 

« ^2 62 «*2 6^T 



In division of fractions there are sometimes results which 
wear the air of a pai^dox ; but when the student reflects that 
the quotient expresses the number of times that the dividend 

contains the divisor, these difficulties will disappear. | -h I* 
for example, should evidently give 4 as a quotient, since 5 is 
=^, and will therefore contain >, 4 times. By the rule ^ -§- ^ 

o o ^ 2 8 

times. 
6-5-| = 6 X |=f-= 16. *hat i$y 6 contams|, 15 tunes. 



EXERCISES IN FBACTIOKS. 

1. iUlduce III to its lowest terms. Ans. g. 

2. Reduce 9 to a fraction whose denominator shall be 5. 

Ans. V- 
S. Reduce Sxi to an improper fraction. Ans. ||. 

4. Reduce V ^ <^ mixed number. Ans. 4j. 

5. Reduce § of | of | to a simple fraction. Ans. ^. 

6. Reduce § of a guinea to the fraction of a «£ . Ans. {§. 

7. 'Reduce 12s. 6d. to the fraction of a £» Ans. |. 

8. Required the value of x\ of a guinea. Ans. 8s. 9d. 

9. Reduce I, f, and § to equivalent fractions having a 
common denominator. Ans. J|§, ||S, gf|. 

10. Reduce §, |, and | to equivalent fractions havkig the 
least common denominator. Ans. ||, ||, f|. 

11. Add together the fractions ^, §, and {I. Ajob. 2|, 
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13. Add iV of a poond, g of a guinea, sod. | of a shiUiqg 
together. . Abb. ^l, 9a. 9^ 

13. Add f of 7S and f of 8# together. Ajrb. lli§. 

14. From g subtract ^. Ads, A- 
16. Ftom I of f subtract J of J. Ana. A- 

16. From § of half a guinea Bij>tract J irf" a shilling. 

Adb. 78. lOld. i 

17. Multiply j^, ly 5. Ans. SJ. 

18. Multiply ? of H hy I rfOj. Am. 9^, 
19- Multiply 91 by 7|. Ans. 76|S. 

80. Divide ^ by ,^. Ans. IJ. 

81. Divide 12 by f of 6J. - Ans. 2| 

82. Divide ^^ by5J. Ans. 8s. lljd. /y 
23. From a piece of cloth, a merchant cut off |, and then 

f of the whole ; after which there remained 36 yards: Re- 
quired the length of the original piece. Answ. 100 yds. 

84. A can do a piece of work in 8 days, and B in 10 days. 

In what time will A and Q, working together, do it? 

Ans. 4J days. 

25. A, B, and C can do a piece of work in 4 days. Aoy 
himself, can do it in 13 days, and B in 15 ; iq what tini« 
will C do it P Ans. 10 days. 

S6. Ailer paying away i of my money, and then ^ of ui« 
remainder, I had 18 guineas le^; how much money hod X 
at first P Ans. 30 guineas. 

87. A, B, and C have a jtnnt stock concern, of which I 
Wong to A, J to 6, and the remaining part to C. C 
having occasion to sell out, sold 4 of his share to A, and 
the renuunder to B. What fracdon of the whole will now 
belong to A and B respectively P Ans. A J|, and B ^. 



CONTINUED FRACTIONS. 

66. The object of Contimted FracHona is to find such 
t^proziniate valoes of an irreduciUe fraction, as shall be 
expressed in less terms. 

The nature and properties of these Iracttons will be most 
clearly unfolded by an example. Suppose that we have the 
fraction ||^, which, though it consists of several figures, does 
not admit of being reduced to lower tenns. The value of thiy 
. fraction f^ not he alt^ed, if both numerator and denomina- 
tor afcfi divided by tba same quantity. I.et the divisor be tli« 

qwnenlw 816. The result of the division will be r« , ■ The 
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rAvte of the fraction then, it is obviolu, is somewhere inter- 
mediate between | and J ; and if we neglect the small fraction 
^Vif, \ may be considered as tfae^r«^ approsnmaiion to the 
value of the fraction f|f . The fraction ^ is, however j too 
great. For the denominates is not 4, but 4 increased by an 
additional quantity ; and consequently the true value is less 
than |. 

' To obtain a nearer approximation, we may divide both nu- 
merator and denominator of the fraction /^^ by S3, and the 

result is r o . So that the fraction H^ may berepesented by 

1 
the fractions 4 1 . Neglecting the last fraction, /i^, g|$ will 

be equal to jr nearly. 4^ is equal to V? ^^'^ ^ divided by 

Vj is equal to 1 multiplied by ^\j or to y*V, which may be re- 
garded as a second approanmation to the value of the fraction 
f If . And if the steps of the process be attentively consider- 
ed, it will be easy to perceive that the approximation ^\ is too 
small. For the denominator 9 being employed instead of 9 A, 
the fraction | added to the denominator 4 is too great, and 
consequently the last fraction is too small. 

1 
The continued fraction r^ admits of being extended still 

fiurther, if we divide the last fraction by its numerator 9. The 
result will be 7^ , which, omitting the f , may be regarded 

H 

as a third approanmation to the value of the fraction ||l^. 
To bring back the expression /y to a simple fraction, we 

proceed thus: 9h is equal to V» ^^^ qI ^ equal to 1 di- 
vided by y, or equal to x%. 4j% is equal to |§, and 1 di- 
vided by ^§ is equal to 41* So that j| is the third approan- 
mation to the value of f i$. 4| is, however, too great; for 

the fraction I being employed instead of ^, forms when join- 
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«d ta 9 a denominator too great; and the fraction added to 4 
*irill eonse^ently be too small, and Aerefiire the last fraction 
will be too great. 

By contiBiially dividing the last fraction by its nomerator, 
the coiQitinued motion may be extended still farther, until a 
'fraetiim is found having unity for its numerator. It is unne- 
cessary to traps each step minutely. An accurate idea of the 
whole process may be obtained from the . mere inspection of 
the following statement, exhibiting the successiye forms in 
which the fraction §|f may be represmted. 

(1.) (2.) (3.) (4.) (6.) 

1 i_ 1. JL L. 

4^|r 4I_ 41__ 4fl_ 41^ 

9^ 9l_ 9]_ 91^ 

U 

Or, as :it is sometimes written, adopting the symbols of alge- 
bra. 

1 

4+1 ' 

9+1 • 

2+1 
1 + 1 
l+l 
4 

From what hafit been said, it will be easy to convert each 
of these continued fractions into a simple miction, and thus 
to obtain an approximation to the true value. 

The fraction originally was — . . 

.1 1 

The 1st approximation is -, which is too great by j^^ 

.9 1 

The 2d ditto is — , which is too small by j^- 

The 3d ditto is — , which is too great by jggg^- 

The 4th ditto is r-rry which is too small by 



US' >/ 25501 

The 5th ditto is -rr^, which is too great by 



193' - o -/ 170191 

The 6th ditto is ^ , which is the true value. 
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Ft'om fthii i^mftpk) It would appear . ihiit ilie ftaottons de- 
ritedfrom swN^easii^ cmtbiaatiOQfl of the lattabeni of a eon- 
tinued fraction, approximate gradually to tlie true val|i6 of 
that quantity firtftn which the coiltinucd i^aetibu has been de- 
.rired. , Tbeae fracticms, it appears, id^o^ are altMiately forest- 
er and less than the true valuet end theisefore the value of 
the quantiiy will always be £NUld betwem amy two coneecup 
tiye &9ctieBis. , 

£7. By liieaiis of OQutiBued fractibua, We are eMAIed to 
solve the following genial problem. A firaotkm ewpihekaed 
by a great number ofjlgures being given^ to find tdl the 
fractions^ in lesa terms^ which approach so near the truths 
that it is impossible to approach nearer without emploifinff 
greater ones. A few examples will illustrate this. 

Ex. 1. It is ascertained by astronomers, that the length of 
the tropicul year is 365 days, 5 hours, 48 minutes, and 48 
seconds, which is longer than the common year of 365 days, 
by 5 hours, 48 minutes, and 48 seconds, or S0,988 seconds. 
Now, one day is eipial to 86,400 seconds ; theiefare the year 

exceeds 365 days by the fraction rrrr^ ; so that, at the end 

of 86,400 years, it is necessary to intercalate 20,928 days. It 
is re<yiired, therefore, to fina a series effractions, expressed 

in lower terms, which approximate to the fraction ^rr^rz. 

To reduce — — r^ to a condnued fraction, we have to per- 
form an operation precisely similar to that stated, (No. 44.) 

20928)86460(4 
88712 . 

2688)20928(7 
18816 

2112)2688(1 
2112 

576)2112(8 
1728 

384)676(1 
884 

192)384(2 
384 
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i 

4+1 
T + 1 

1 + 1^ 
3+J^ 
1 + 1 

And by combiiiiDg the succesdve members into a simple 
fracdon^ we wiH obtain a series of fractions, each approach- 
ing more nearly than its predecessor to th^ true value. Thciw 

17 9 8J 39 109 
** r 29" Bf 128' 161 * 450' 

The first ^fraction | indicates that we must intercalate 
oae day every fi>ur years, ia ordeor to preserve the corre- 
spondence between the common year and the year of the 
seasons. This intercalation was first made by Julius €sb- 
sar : every fourth year has therefore 366 days, and is called 
Leap year. As the fraction | is greater than the true va- 

lue of the fraction ^^^9 the intercalation of one day in 

four years, renders the common year a little longer than the 
tropical year. A small error was thus introduced into the 
calendar. By continual accumulation, this error, in the 
year 1582, amounted to ten days, and thereby deranged 
the time of celebrating the church festivals. This error was 
rectified by Pope Gregory XIII. By his decree, he oider- 
ed the ten days, which nad progressively accumulated from 
the time of Julius Caesar, to be cut off from the year 1682 ; 
and, to prevent Aiture accumulations of this kind, directed, 
that the last year of every century not divisible by 4, should 
be reckoned only a common year. So that the years 1700, 
1800, 1900, &c. which, according to the Julian calendar, are 
leap years, are considered as common years in the Gregorian 
calendar. 

The mode of reckoning by the Gregorian calendar, or new 
style, was not introduced into Gr^at Britain until the year 
175S- It is now adopted by all the European states except 
Russia, where the old style, or Julian mode of reckoning, stUl 
prevails. The difference between the two stiles at present 
amounts to twelve days, and will continually increase. 

In the Gregorian calendar only 97 days are intercalated 
in 400 years. From the series of approximate fractions stated 
above, it is obvious that it wofdd be more accurate to inter- 
calate lOd d^ys in 450 yeftrs. The error, however, is so 
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alighl, that it will not amount to a day daring the hpae oF 
many centuries. 

The third approximate fracticm mentioned above is ^^, 

intimating thatS days must be intercalated in 38 years. It 
is a carious &ct, that this was the correction proposed by 
Omar, an astronomer at the court of Persia, in the year 1079. 
This simple method differs fiom the truth only one minute in 
a century. 
Ex. S. It is ascertained that the diameter of a circle is very 

nearly ^^^^ of its circumference. It is required to find a 

series effractions expressed in lower teems that shall approxi- 
mate to this value. 

Reducing |j~^ to the form of a continued fraction, (Nos. 

44 and 66,) we obtain, 

L 

3+1, 

15 + 1^ 

1 + j_ 

25 + i 

r+i 

4 



The Ist approximation is 



TheSd 



The 4th 



The 5th 



1 

3 



i_ 
The 2d - 3+1^ . _7 

7 " " " 2« 

1^ 

3 + 1 

f+J[_ 106 

15 ■ " 333 

i- 

^ 3 + 1 J 

U+1^ 113 

1 - - 355 

1_ 
" 3+1 

7+J^ 
15+1 

1 4-1 2931 • 

25 " 5308' ®^* 
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If great accuracy be not required, in any practical question 
connected with the circle, it may he saf&dent to consider the 

diameter as — of the circumference. But should greater ex- 
actness be requisite, then the fraction ^^ or stOl better -||, 

will yield a more accurate result. 

From the statement and examples now given, the manner 
of forming continued fractions, and likewise of obtaining a se- 
ries of fractions expressed in lower terms, which continually 
approximate to the true value of the original fraction, will be 
^aly apprehended. 

To facilitate the formation of these approximate fractbns, 
the following general rule may be given : 

The first fraction will have unity for its numerator, and for 
its denominator the first quotient obtained by dividing, as in 
(No. 44) 

The second fraction will have for its numerator the second 
quotient, and for its: denominator the product of the two quo- 
tients Increase by unity. ^ * 

And each successive approximation will be. found by mul- 
tiplying both terms of the last approximate fraction by the 
next quotient^ and increasing these products respectively by 
the terms of the second last fraction. 

We may often approximate to the value of an irreducible 
fraction, by making such a small change on its terms as shall 
render it reducible. 

Thus ^ is nearly equal to ~, or - . 

271 gT3_S 

636 6S7 ■" 7 ' 

£X£BCISKS ON CONTINUED FRACTIONS. 

I. Required the successive approximations to the fraction 

0. Required the successive approximations to the fraction 
473 ' A„o 1 11 li J£ ''^ 

9S6 5' «3' 25' 123' 148' 



. f 
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» ' 

57. Dedm$l fractions are those which have for their deno- 
mfin^^tor 10, or 100, or 1000, or in general some power of 10. 



4fi aeithmetk:. 

The dmomMoT of a dsoiiDal firac^op \$ not geienJly ex- 
{iresMd^ but is indicated \gy a point prefixed to the nmneara- 
tor. 

"^^^ ^' ^' ^' "^ respectively written .6, .57, .346 ; 

er sometimes 0.5, 0.57, 0.345, when the dpher shows that 
there is no integral digit. 

o« -57 1x5,7 J S45 . S , 4 , 5 

Since i^ are equal to io+To6 "^ iooo*^Io+Ioo+ioo^ 

&c. it is obvious that the figure next the decimal point wiB 
express fen^A«, the second hundredths, the third thoicsandths, 
and so on, dhninishing in a tenfold proportion from left to 
right, the same as integer numbers. 

58. From this remade, it will be easy to point the numeral 
tor, so that it shfA express any decimal fraction whatever* 

For, suppose we have the fraction — , then as it is the seccn^ 

place from the decimal point which expresses hundreihey w^ 
prefix a dpher to the 5, in order that it shall occupy that 

place thus .05. In the same manner j— wffl be written 

thus .005, because it is the third figure from the decimal 

point which expresses thmuandihs ; ^^^ are equal to 



lOOOOO ^ IQOOO 

IT 

+ ioQQQQj *nd will, therefore, be written thus, .00057, *^e 

fourth place from the decimal point being that of ten thou^ 
sandtha, and the fifth that of htmdred thousandths. From 
these examples it is easy to perceive, that in every instance 
where the value of a decimal fraction is to be es^iessed by 
means of its numerator, that numerator must contam as many 
figures as there are ciphers in the denominator. If the nu- 
merator of itself does not contain so many figures, then the 
deficiency must be made up by prefixing dphers to it. Thus 

in the fraction Jqqqqq there are five dphers in the denomina- 
tor and only two figures in the numerator, and hence three 
dphers must be pefised, that the digits may occupy their 
proper rank. 

59. The converse of the problem enundated in the pre- 
ceding number will also be eainfy managed^ vix. given a deci- 
mal fraction, expressed in the entire form, to express it in the 
ordinary fractional form. From What is there stated, it is 
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obyioQB iSfiM the deaoinmator of a decimal firadion md be 
unity, with as many ciphers annexed as there are figures in 
the given numerator. 

Thus .6, .043, .00307, will be changed iiito — , ^, and 

I~ respectively. 

60. 'fiioce the value of any figure of a decimal fraction de- 
pends entirely on the rank which it holds in regard to the 
decimal point ; any number of ciphers may either be effaced 
or written on the right of a decimal without affecting its va- 
lue. Thus, .5, for example, expresses the same value as .50 

or .600 ; for .6, .60, .600, are respectively — , — , and j^» 

(No. 59,) each of which is equal to ^ according to No. 42. 
The annexing of ciphers on the right of a decimal, corres- 
ponds' to the multiplication of the terms of the fraction by 
tile same nuiuber, and the suppression of ciphers, to the divi- 
inen of the terms by the same number, in either of which 
cases the value of the fraction is not changed. 

61. FrOm what has been stated, it appears that decimal 
fractions are written exactly in the same w^ as integer num- 
bers. Thus, for example, the number nve hundred and 
fr>rty-nine tmito, or which is the same thing, 5 htmdredSy 4 
tenSf and 9 units, is written 549* In like manlier, five hun- 
dred and forty-nine thmcaandihSf or which is the same thing, 
5 ^nth^y 4 htmdredthSf and 9 thotiaandths, is written .5499 
or with the dpher, 0.549. 

An expression, in which there are both integers and deci- 
mals, is read by. first enunciating the integral part, and then 
the fi^ctional. Thus, 73.685, is read 73 tmits and 685 
thotiS€tndthSf or, simply, for the sake of concisaiess, 73 deci- 
mal 685. 

68. The great utility of decimal fractions, consists in their 
enabling us to express any numerical quantity, however small, 
on the decimal scale, and thus'to subject fractional quantities 
to the same operations as integer numbers. It is in L(^a- 
riflimic calculation, however, that their convenience is par- 
tSeularly felt. 

63. T]|e addition of decimals is perfinrmed exactly in the 

i^aitne way as that of integer numbers. The fractions to be 

added, are written in such a manner, that quantities of the 

same kind may stand under one another, and then their sum 

. if obtftitied as in Skiiple Addition. 
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Ex. 1. Required the siim ofO.ffJy 0.087, and O.OOM. 

0.67 
0.087 

aooi»4 



0.7624 The sum. 

Ex. 3. Required the sum of 4.86, S8.075, 62.904, and 
0.0063. 

4.86 
28.075 
52.904 
0.0083 



85.8473 The sum. 

It is hardly necessary to add one remark in illustration 
of the preceding examples. In the last, the sum o£ the thou^ 
sandtha is 17, which are equal to 1 htmdredik and 7 thou^ 
sandths. The 1 hundredth being carried to its proper cOr 
lumn, the sum will there be 14, which, in like manner^ are 
equal to 1 tenth and 4 htmdredtha. The sum of the tenibs, 
with the Edition of the 1 carried, will be 18; now^ 18 
tenths are obviously equal to 1 tmit and 8 tenths^ the unit is 
of course carried to its proper column, &c.^ With regard to 
the place of the decimal point in the sum^ it is.manimst.that 
it will be exactly under those of the several quantities to be 
added. 

64. The method of performing subtraction in dedmals, i^ 
also precisely the same as that in integer numbers. ] 

Ex. 1. Required the difference of 0.76 and 0.4579. The 
value of the first number will not be altered if two ciphers be 
annexed to it, (No. 60.). Let this be done, th^i the opor 
ration will be as follows :— - 

0.7600 
0.4679 



0.3021 The difference. / 
The object of annexing ciphers to the minuend, is to i^ 
duce it to a fraction, having the same denominator as the su$^ 

trahenA Thus, 0.76 = ^^ and 0.4579=^^ CN^r ;59) 



76 



Now, if the terms of the fraction — - be both multiplied by 



100, (by which its value will not be altered, No. 42,) we get 
^T, and hence ^«^-,-ill?= J51'=o.3021. 



lOOOO' ~ — " 10000 10000"" 10000' 
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The ciphers are generally omitted in practice. 
Ex. 2. From 47.043, subtract 9.70684. 

47.042 
9.70684 



37.83516 The difference. 

The same remark may be made here as in Addition, with 
respect to the place of the decimal pomt. 

65. Since the decimal point separates the integral units 
from the decimal parts, its change of place will necessarily 
be accompanied by a change of value of the total number. 
In moving the decimal point towards the right, the number 
of integer units will be increased, and consequently the total 
value of the proposed number. In moving it towards the left, 
the number of int^r units will be diminished, and hence 
also the value of the proposed number. 

66. If the decimal point be moved one place toward the 
right, then the value of every figure will be increased 10 
times, and consequently the value of the whole number 
will now be 10 times as great as at first. If it be moved 
two places toward the right, then, since by one removal, 
the value of the whole number is increased 10 times, an« 
other removal will increase this last value also ten times, 
and hence, by^ two removals, the original value will be in- 
creased 100 tmies. In like manner, fay moving the decimal 
point three places to the right, the original vdue will be in- 
creased 1000 times, and so on. 

From this it follows, that the multiplication of a number 
containing decimals, by 10, 100, 1000, or, in general, any 
power of 10, will be eflPected by removing the decimal point as 
many . places toward the rights as there are ciphers in the 
given multiplier. 

Thus 64.8674, when multiplied by 10, 100, 1000 respec- 
tively, will become 648.674, 6486.74, and 64867.4. In the 
same manner, 0.00784 when multipfied by 10, 100, 1000, 
will become 0.0784, 0.784, and 7-84 respectively. 

67. Conversely, the division of any number by any power 
of 10, will be eflfected by removing the decimal point as ma- 
m plaees toward the left as the given divisor contains ci- 
pners. 

Thus 8764.7, when divided by 10,100 and 1000 respec- 
tively, will become 876.47, 87.647, and 8.7647. In the same 
manner, 0.846, when divided by 10,100 and 1000, will be- 
come 0.0846, 0.00846, and 0.000845 respectively. 
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68. The pneeediiig temmka will enaUe lu to espbin the 
rule giYen for pointing the pvoduot of tiro numbers contain- 
ing decimals. The rule, as generally stated, is as follows:— 
Multiply the two numbers together aa in multiplication of in- 
teger numbers, and from the product point off as many deci- 
mals from the right as are contained in both factors. (That 
is, if there be 3 decimals in the one factor, for example, and 
8 in the other, then 8+2, or 5 decioials must be pointed off 
firom the right ; if there be 4 in the one, and 5 in die oth^, 
then 9 must be pointed off, &c) 

The reason of the rule as now enunciated will be readily 
perceived by attending to the following example :'«-Let it be 
required to multiply 76.45 by 0.349. 

76.46 = 76f^ (No.59) =^ (No. 46.) In th(5 same man- 

^ tiOAn A S49 9349 vr '^^^^ ^ »349 _ 71473105 .^r 

ner 9.349 = 9j^=j^. Now, ^^g-X ^555=^ -5^5555- (^^• 

84) =714.73106 (No. 67 ;) — a result in which the number of 
decimal figures agree with that determined by the rule. The 
same way of reasoning wiU obviously lead to the same con- 
clusion in every instance. 

If one of the factors be an integer number, then there will 
be as many decimals in the product as axe contained in the 
ether factor. 

Ex. 2. Reqmred the product of O.O87 by a00476. 
0.087::=^., and 0.00476=,i^, and «^ - *^^ 



1000' • 100000* 1000 • 100000 

j5^g^= .0004U1? (No. 58.) 

In such an example as the preceding the ciphers may be 
left out for the sake of convenience, until the product of the 
digits be obtained, after which as many must be prefixed as 
shall make up the psroper number of decimal^. Thus 87 X 
476=41 41S. Now, as there are three decimal places in the 
one factor, and^t^e in the other, there must be in all eight in 
the product, and therefore three ciphers must be prefixed to 
4141S, thus .00041412 for the true product. 

69. The rule for pointing the quotient may be readily in* 
fisrred ftpm that for the product, as stated in the preoe4ing 
number. For, since by the nature of division (No. 28,) the 
product of the quotient and divisor is equal tp the dividend, 
it follows that uiere must be as mimy places of decimals in 
the dividend, as there are in die divisor and quoti^t teoe- 
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ther.; and hence the quotsent must coBtain as many dedmak, 
88 the nimber of '4iMW9 in the cBvidead cgreeed those in the 

divisor. 

Ex. 1. Divide 15248.91874 by 39.47. 

39.47)15248.01874(386.842 
11841 

34079 
31576 

25031 
23682 



11841 

18677 
15788 

7894 
7894 



After having obtained the quotient as in Simple Diyision, 
we observe that there vtejh)0 places of decimala in the divi- 
dend, two in the divisor, and hence that there must be three 
in the quotient, which we aeoordm^y point off from the 
right. 

B^ 9,. Divide 0.00063504 by 0.084. 

Here the ciphers may be omitted until the quotient of the 
diiptal parts be obtained, as in Ex. 2. of Multiplication, 63504 
when divided by 84 jrields a quotient of 75d. Now, we see 
from xximpanng the number of decimal pliAces in the dividend 
with those in the divisor, that there are Jive more in the 
former than in the latter, and hence that there must be 
Jboe in the Quotient Two ciphers must, therefore, be pre- 
fixed to 756 thus, .00756, or, which is the same thing, 0.00756, 
in order to make up the proper number. 

70. When the cuvidex^ does not contain the divisor an ex- 
act number of times, or, in other words, when the quotient 
cannot be expressed entirely in integer numbers, still it may 
either be expressed exactly, or at least with sufficient approxi- 
matiw, by means of decimals. 
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Let it be required to divide 4iei3 by 88. 

After obtaimng the partial 88)4218(47.875 
quotient 4fJ in the ordinary way, 352 

there remains 77 « ^^^ multiply 69«S 

this 77 by 1^9 (^^^^ ^^9 fti^ex a ' 616 
cipher to it,) in order to reduce ~'77b tenths 

it to tenths ; the 77^ tenths be- ^jq^ 

uig divi^ by 88, yield a quo- -^ hundredthe 

tient of 8 tenths, with a remain- g^^g 

der of 66. These 66 tenths are ..^ ._ , ._ 

in like manner multiplied by 10, *JJ thousandths 

to reduce them to hundredths ; izz 

the 660 hundredths, divided by 

88, give a quotient of 7 hundredths, with a remainder of 44, 
to which another cipher is annexed to reduce them to thou- 
sanddis ; the 440 thousandths divided by 88 give 5 thou- 
sandths. 

In the preceding example the true quotient is 4fJJffJS* 
Although were are many instances in which the quotient can- 
not be expressed exactly, yet we can approximate to it within 
any assigned limits, and hence uisure an accuracy suffiaent 
for all practical purposes. The necessary degree of approxi- 
mation will, of course, depend upon the magnitude of the unit 
in question, and the accuracy required. The first decimal 
place, after the integral part, if there be any, will give the 
quotient true to the tenth of the unit ; the second place, to 
tne hundredth of the unit ; the third, to the thousandth of 
the unit, and so on. 

71. A vulgar fraction may be easily r^uced to a decimal ; 
for we have merely to reduce the numerator to decimal parts, 
and then to divide by the denominator, as in the following 
example : — 

Let it be required to express | deciinally. 

This, according to otir second mode, of conceiving the 
meaning of a fraction, is 7 units divided by 8. ' Hence the 
operation will stand as follows : 

A cipher is annexed to 7? to reduce it to tenths, 8)70(.875 
which, being divided, leaves a remainder of 6, to 64 
which another cipher is annexed, to reduce the ~§Q ' 
tenths to hundredths, and so on, either until the 56 

fraction is expressed in decimals, or at least un- ~|q 
til the remainder consists of parts so small, as ^ 

that it may be totally neglected, without sensibly — 

affecting the result. 
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Ex. 2. Reduce ^ It to a decimal. 827)5000(.006045g4 

In this example the numerator must* 4962 

be reduced to thouacmdths be&re the 8800 

division can take pLice, consequently 3308 ^ 

the first figure of the quotient will be ~4^0 

thotMcmdtha, and will therefore stand 4135 

in the third place firom the decimal ~7850 

point ; two ciphers must therefore be 7443 

prefixed^ in order that the digit may *17p7n 

occupy its proper rank. If the ciphers *^^ 

be considered as decimals, the quotient Z—- 

may be pointed by the general rule ; there are eight ciphers 
annexed, that is, there are eight decimals in the dividend, 
now there are none in the divisor, hence there must be eight 
in the quotient, that the number in the divisor and quotient 
together may be equal to the number in the dividend ; two 
ciphers must therefore be prefixed to make up the number. 
(No. 69.) 

The fractional value ^1^ cannot be expressed exactly by 
means of decimals ; to the extent, however, to which we have 
carried the approximation, it does not differ from the true va- 
lue, by so much as the hundred millionth part of a unit, which 
is more than sufficient for most practical purposes. 

If the succeeding part of the decimal be greater than the 
half of a unit in that place to which the approximation is car- 
ried, a more correct value will be obtained by increasing the 
figure in that place by one. Thus, in the preceding example, 
were the approximation to be carried only to 5 decimal places, 
we would increase the figure 4 in the fifth place by 1, and re- 
ject all that follow. 

72. There are some vulgar fractions which, when reduced 
to the decimal form, are expressed by a constant recurrence of 
the same figure or figures. These decimals are, in consequence, 
called recurring or circulating decimals, and many tedious 
and<x>mplicated rules have been formed for the management of 
such fractions. These rules^re, however, quite unnecessary, be- 
cause, when greater exactness is required than can be obtain- 
ed in the ordinary way, we can reduce the decimal to a vul- 
gar fraction. 

Fractions which have any number of nines for their denomi 
nator, have only, in their decimal form, a repetition of th^ di- 
git 1. 
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Thus I = 0.1111. 



^ = 0.010101 

99 

^ = 0.001001001.. 

999 

From this periodic decimal fraction we can easily pass 
to the vulgar fraction from which it is derived. We see, 
for example, that 0.3383 ^is equal to 0.1111 ^multi- 
plied by 3, and as this last is the developement of }, 
we conclude that 0.3338 — ^is that of I multiplied by SL 
or I or I . Again, suppose we had the circulatmg decimal 

fraction 0.4(545 when there is a constant return of the 

same two figures 45. This is evidently equal to 0.0101 

multiplied by 45; now, as 0.0101 ^is the decimal expression 

of — we infer that 0.4545 ^is that of r;; or of — or —. InAe 

99 99 33 11 

same manner we might show that 0.34S34S, for example, is 

equal to r^or ^, and so on, whatever were the number of 

circulating figures. 

From what has now been stated, we are entitled to infer, 
that a periodic decimal fraction may be reduced to a vulgar 
fraction, by taking for the numerator one of these periods, imd 
for the denominator as many Ihines as the period contains fi* 

gures. Thus 0.777.- = }; 0.8181.--=|i-= ^^; 0.18613&- 

_ 185 5 
"" 999 "* 37* 

78. If the decimal consist of a finite, together with.a dr. 

culating part, such as 0.4@36, where the 36 only repeat, then 
it may be reduced to a vulgar fraction, by subtracting tibe fi- 
nite part from the whole decimal, for the numerator, and by 
annexing to as many ni^ie^ as there are figures in the circulating 
part, as many ciphers as there are figures in the finite part, 
for the denominator, and then reducing the fraction to its 
lowest terms. 

ThimQ 4236 - -tg36--42_ 41 94^2097 
111US0.4S&J0 - 9900 -9900~495b' 

The truth of the rule may be shown as follows.— 
0.4336 = -^ (multiplying and dividing it by 100) = 



\ 
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42ftS .wf fc>i. 4l2GfO»i*-4S+g^ ^*- ^j^ .^. 42dO+ 36^42 

^ (No. ^2) = ^^^r (Ko8.2e,46)=— ^53— 

?=^OT?-, which bruEigB it to the rule as above stated, and 

the same may be sholt^ 6t eV^ty fttusAttn of this kind. 

74. It may be worth while^ before taking leaire of this stib- 
jecty to sh&^ the method of reducing quantities of lower de- 
tidmilietiontf to equivalent decimals of a higher denomination, 
and colivci*sely. 

The nattM of these prcid^^^ #ill be readily tmderstood 
Ttotik e)3lm|ile8. 

Let it be required to reduce 17s. 6d. to the decimal of a £. 
This may obviously be done by reducing 17s. 6d. to the frac- 
tion of a £f and then that fraction to a decimal. Thus 
178. 6d. = J (No. 49.) = 0.876 (No. 71.) Or it may be 
dpne as foUows: 6d. zz/^ of a shilling =.5, consequently 
17s. 6d. z= 17.69 which, when divided by 20 to reduce it to 
£y will become 0.875. 

Ex. 2. Reduce 14s. 9|d. to the decimal of a £. 

The I are first divided by 4 to reduce them ji o aa 
to the decimal of a shilling, which is .76; the ^'^ 

9d. is then prefixed, after which the whole is 12 /* '*'*' 
divided by 1 2, to reduce it to the decimal of ^ 
a shilling ; lastly, the 14 are prefixed, and the 
whole divided by SO, to reduce it to the deci- 
mal of a £. 

Conversely, given a decimal to find its value. 

Required the value of £ 478125. 

.478125 = ^555—, now the numerator will be '^^^^ 

multiplied by 20, to reduce the pounds to shil- Q5625OO 

lings, after which the product must be divided by ' ^2 

the denominator, which will be done by pointing gMgnnnA 

off 6 figures, since there are 6 ciphers in the de- "'/o^^^^^ 

nominator, and so on to the lowest denomina- --— - 

tion. 3.000000 

EXERCISES IN DECIMAL FRACTIONS. 

1. Reduce ^| to a decimal fraction. Ans. 0.9375. 

2. Reduce to decimals, and then add together the fractions 
h h /uj and yg,j. Ans. 1.756. 

3. From H Uke | J after reducing them to decimals. 

Ans. 0.026. 
4r Multiply /o by ,Sq after reducing them to decimals. 

Ans. 0.00084375. 



9.76 



14.8126 



7740626 
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5. Divide f by 7i> after rediuang them to dedmab. 

Ana. 0.1. 

6. Beduce 0.635 to a vulgar fraction. Ana. |. 

7. Beduce 0.0015 to a viu^ar firaction. Ana. ^^^y. 

8. Beduce 0.666, &c. to a vulgar fraction. Ans. |. 

9. Beduce 0.3763 to a vulgar fraction. Ana. ^%. 

10. Beduce ISs. 6|d. to the decunal of a pound. 

Ana. O.778I35. 

11. Beduce 6|d. to the decimal of a ahilling* Ans« 0.5635* 
18. Bequired the value of 0.678135 of a pound. 

Ans. 13b. 6|d» 



PART II. 



ALGEBRA. 



1. Al<3^£BAa is that Ibrancii of Mathematical Science in which 
q[uantity is made the subject of calculation by means of cer^ 
tain general signs and symbols. Algebra differs from Arith- 
metic chiefly in this ; that, in the latter, every figure has a 
determinate and individual value peculiar to itself; whereas^ 
in Algebra, the characters which are employed to denote 
quantities are general, or independant of any particular sig- 
nification, and may, therefore, represent all sorts of numbers 
or quantities, according to the nature of the question to which 
they are applied. 

2. In questions connected with this science, the object is fo 
discover the value of tmknawn quantities, from having their 
relation specified to such as are gvn^en or knoum. And, with 
a view to a more complete distinction, known or given quan- 
tities are represented by the first letters of the alphabet, a, b, 
c, dy &c. ; and those which are unknown by the last, w, y, x^ 
&c* 

3. To express the relations which quantities bear to each 
other in respect of composition, certain signs are emjployed, 
which are as follow :— 

4. The sign + (pltM) signifies that the quantity to which 
it is prelfixed is to be added. Thus a+b signifies that the 
quantity represented by 6 is to be added to mat represented 
by a. If a represent 5 and b 4, then will. a -f 6 represent 
5+4 or 9* If no sign is prefixed to a quantity, the sign + 
is understood ; thus a signifies +a, 

5. The sign — (mintMi) signifies that the quantity before 
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which it is placed must be subtracted. Thus a — 6 signifies 
that b is to be taken from a; if a be IS, and 6, 79then a — b 
will express 12 — 7, or 6. 

6. Quantities to which the sign^+ is prefixed, are caUed 
positive or (\ffirmative quantities ; and those having the sign 
— prefixed, are called negative quantities. Instead of posi- 
tive and negative, the terms additive and subtractive are 
sometimes employed. Thus, in the expression ax — y+b — «y 
a w and b are the positive or additive quantities, and — y — z 
the negative or subtractive. 

7. The sign X {into) signifies that the quantities between 
which it stands are to be muUiplied together. Thus, axb 
signifies that the quantity represented by a is to be multi- 
plied by that represented by 6 ; if a be 8 and 6, 7, then axb 
will be 8x7, or 66. 

A point is sometimes interposed between the factors in- 
stead of the sign x ; thus a . b signifies axb. Both of these 
s^gns, however, are frequently omitted ; and then the product 
is indicated by the mere juwtapoHtion of the quantities. 
Thus, the product of a by 6 is expressed by o ft ; or a, ft and 
arhy abwy &c. 

8. The sign -f- (divided by) placed between two quantv 
ties, signifies th^t the former of those quantities is to be di- 
vided by the latter. Thus, a-s-6 signifies that the quantity 
represented by a is to be divided by that represented by ft ; 
if a be 18, and ft, 6, then a-r-b will be equal to 18 -f- 6, or 3. 
This sign is seldom employed. The quotient arising from 
the division of one quantity by apother, is indicated by plac- 
ing the dividend above the divisor, in the form of a fraction, 

thus, r> signifies the quotient of a divided by ft. 

9* The sign =: (eqtuU to) signifies that the quantities b^ 
(ween which it is ]daoed are equal to one another ; thus, 
a = ft signifies that the quantity represented by a is equal to 
that represented by ft. 

10. The coejbnent of a quantity is that which multiplies 
it ; thus, in the expressions 5 w and a y , 5 and a are respec- 
tively the coefficients of w and y. And if a quantity have no 
coefficient expressed, it is understood to be unity ; thus w is 
the fsame as la. 

11. When a quantity a is multiplied any number of times 
by itself, the pnuohicts are called powers of the original quan- 
tity a, which, in reference to them, is denominated the rooi^ 
If the quanti^ be multiplied once by itself, the product is <MdI. 

ed the squure^ or second power ; if twice, the cuhe^ or third 

1 
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power, &a The number of fiustom which ent^ into the power 
u indicated by a small figure on die r^ht of the quantity. 
Thus the product of a x a or a a is expressed by cP. 

ax ^ Xaat aaa a\ 

In like manner, of a x a X a x a or aaaa by a\ 
The small figure that indicates the number of factors of which 
the power is composed, is called the mdeos or eofponeni. The 
student must be careful to distinguish between the terms co^ 
efficient and indew^ or ewponent. In the expression 3 ^, for 
example, 3 is the coefficient, and 5 the index, or exponent. 
In OcT'^, a is the coefficient, and n the index or exponent. 

1^, The roots of quantities are expressed by the sign ^ , 
together with the proper index, thus : 

ij a or N a expresses the aqimre root of a, or such a quan* 
tity as, when multiplied once by itself, will produce a. 

V a expresses the cube root of a, or such a quantity as, 
when multiplied twice into itself, will produce a. 

In the same manner, Va + w expresses the fourth root of 
a 4- Xy &c. 

13. A simple quantity is that which consists of a single 

term, asayba^y,—^ &c. A compoimd quantity is that which • 

consists of two or more terms ; if it consist of two, it is called 
a bifiomial; if of three, a trinomial^ &c. Thus, a + & is a 
binomial; a + bw — c, a trinomial. That particular species 
of binomial which expresses the difference between two quan- 
tities, is called a residual, as a -— 6. 

14. When a line is drawn over any number of algebraic 
quantities, it indicates that they are to be taken eoUectivelyy 

or as one whole quantity. Thus a + b x (^ + d, means that 
the sum of a and 6 is to be multiplied by the sum of c and d 

If the quantities stood thus, a+b Xc + (^ then this signifies 
that the sum of a and 6 is to be multiplied by c; and that d is 
to be added to the product. The line drawn over the quantities 
is called a vincidum. 

Instead of the vinctdtimy a parenthesis is frequently used. 
Thus, (a — 6) (c »— c2,) means thast the difference of a and 6 
is to be multiplied by the difference oLc and d; (a +b) ^ 
(ct<*<-d) 8ig|iifie9. that the sum c£.a and 6 is to be divided by 
the dmer^»oe of e and di 

Ji5« like quantitiea are those which consist of the same 
letter, or combination of letters; thus, a, 2 a, 7 a, 3 a 6, 5 a A, 
a 6 ^^, %ab a? 'y &c. are called like quantities. Unlike quan- 
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titiesare such as confAst €f d^erent letters, or different com-^ 
binations of letters; tbus^Sa, 56; af^, ^y* are tmtffte quan- 
tities. 

16. In order that the student may acquire accurate con- 
ceptions of the characters and signs employed in algebra, it 
will be of advantage to him to compute the numerical values 
of the following expressions :-»- 



Let a = 9 

6 = 8 
c-6 

d=:5 



Then 1. a + 6 — 6 = 9 + 8 — 4= 13 

a o 

3. (fl+rf)(6 — «?)= (9+5) (8— 4)= 14X4 

4. (de+c) fl+6= (5x4+6)9+8=1:234+ 
8=242 

^ a«+6* 81+64 145 _, 

^•-rf+T=-5+r=T"=^* 

6. V6c+1 Va£+23= V48+1 V54+10= 
V49V64=7X8=56 

(2fl» + VM^)g— d _ (162+6)9-- 5 _ 1512— 5 _ 
' y/Sbc-^'Jab+d+e+S" 12+9+3 "" .24 

24 24 

Required the values of the following expressions . 
8. fl'+ S fl 6 — 2cd Ans. 237. 

p (a+h)(c+d) 
^' {a+c)(b-d) Aiis.4,T. 

10. ^ , Ans. 337+4. 

5 'J'ae+S ^/sT+e—i Ve 
' V2c«+a— eVrf«+cS+ft + 3 6 

K<f^+ c(f) V&^+flg+<^ 
^^' j (a«+62 _ c2) + 5 Vfl -ITS 

ADDITION. 



Ans. 9f . 
Ans. 15f J. 



17 The term AddUiotiy as used in Algebra, has a more 
extended sense than it has in Arithmetic ; for h6re, both Ad- 
dition and Subtraction, strictly so called, ate employed in 

ding the sum. 



ADDITION. 5t 

From the diviGdon of algebraic quantities into poriHve and 
negative^ like and u/nUke, then arise three cases of addition. 

Case I. 
To add like quanHHes unik like eigne. 

18. Rule. Add together the coefficients of the eevertU 
quantities f prefiof the common sign, a/nd stibjoin the ewMmm 
letter or letters. 

The reason of the rule will be readily perceived by attend- 
ing to the following examples : 

Ex. 1. a+a+a+a+a =zaX5 or 6a. This is obvious, 
for if a be added five times in suocession, it is evidently the 
same thing to add 5a at once. 

Ex. S. — 6 -— S& — 86. The meaning of this expression 
is, that b is to be subtracted ; from the remainder, 2b is to be 
subtracted ; and again, from this last remainder, that 36 is to 
be subtracted. Now, the performing of these successive sub- 
tractions, will evidently lead to the same result, as the sub- 
traction of 66 ; and in order to indicate that 6b is subtractive, 
or is to be subtracted, the sign — is prefixed thus, — 66. 

Ex. 3. Ex. 4. Ex. 5. 

3a + 26 3x* — 4*^ a*j;*+2jr^*— ^x^y 

7a4- b 5a^ — 5xy 5a^a?^3xy^ — 5j:*y 

fl+ %b 7«*— 8'*^ l\a^a^+2xy* — l^sfiy 



15tf+l66 l6aj*— 17«^ 19fl*ar*-f-8jr^« — 24jr«5r 

In these examples, it may be observed, that unity is un- 
derstood to be coefficient of those quantities, which have 
none expressed. Thus, in adding up the first column of 
Ex. 8, we have 1+7+4+3= 15. In the first column of 
Ex. 6, 11+6+2+1 = 19; and so of the rest. 

The following are intended as exercises to the student ; 
the answers are not subjoined, but the correctness of the pro- 
cess can be proved as in addition of arithmetic. 

Ex. 6. Ex. 7. Ex. 8. 

4«3+ a' — xy 3o?}^ — 4a*j?'+ x or" — 7a?'^+4 

a^4-2ar*— 3j:^ ar'P — c?a?'\^x 9.x^ — «*^+l 

5a:5+4j:«— 5a?^ 5x^y^ — 5c?o?\^bx 3x^ — 4a:'^+3 

Sar'+Sjr* %xy 8^^ — 70*^+4^ 5j?°— 23:^^+^ 
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Case II. 
To add Kke quantUies mith ufdike signs. 

19. RuL«. CoUect the oo^fideHis q/ the positive quan- 
tities into one stim, and those of the negative into another ; 
subtract the less of these sttms from the greater^ prefix 
the sign of the greatefTj and std>foin the commoofi letter or 
letters. 

The reason of this rule is yery evident. Suppose we 
have to add the quantities la and — 3a together. The 
lyieaning of this expression is, that 7a is to be i^ed, andTSa 
to be subtracted ; now, to add 7a, and then- to subtract 3a 
is manifestly the same thing as to add 4a ; that is the sitm 
of Ta and •*— 3a is 4- 4a. In the same manner, if we hiive 
— *7^ wd +3a, the sum will be *<-<-4a, because to subtract 
7a, and then add Sa, amounts to the same thing as to 
subtract 4a. 

Ex. 1. Ex. 2- Ex. 3. 

3xif + 4>x^ — 3 ab — 3aa! + 2z 2a;t^ — 8+ Torj/* 

— or^ — So?' + 7 4tab+ ax — 5z ^^axy-^ 7 — 2a;y* 

5jf^ + 8«* — 2 '^2ab — 5ax + 3% 5axy-^ 4+ 5xy^ 

Ixy — Ix^ — g 5ab + 2ax — jz — ^axy-^ 5 — lOxy^ 

l^xy + 2x* — 7 Sab — Sax^^Jz Saxy-^IO * 

If the sum of the positive terms be equal to that of the 
negative ones, their difference will of course be ; and heiice 
the total sum will be 0, as in the third column of Ex. 3. ' 

Ex. 4. Ex. 5. Ex. 6. 

5a^ — 3xy + 4>tfix 4fl'y*--7JB*+ *y 2x^ — Saj? + 5 

— 4ar' + 4J?y— Sa^aj ^2a^y + Sx^ + 3xy '-^x^-^7ax-^2 

8x^ — Jxy + Sa'^x 5a^y+ x^'^Bxy 3xy^-^5nx + ^ 

2x^ + Qxy-^Ga^x -r-Sa^y — 2a?*iT-7 jr^ — 4 aj^* + 2«^— 8 



CaS£ III. 

To add unlike quantUies. 



SO. Rule. Collect the quantities into one line^ pr^imng 
their proper signs. 



SUBTR4i€TION. 5G 

1^. h Required tbe b\hb of the quandties a, b» c jmd 
-r*-A Their gum3=a+ft+C'^d. 

£x* 8. Reqiwed the sum of the quantities Sa^-^Sfr, «^ 
Ta and 26. Their sum =:2a — Sb+x+7a+2bz:z9a^ 
b^4p. In this last example, the quantities 2a^ 7^» ^ <^ 
»J^6 and 9&9 can be QmdeMed or fonned into one, bring like. 

Ex. 3- E)xr 4. 

4jf«r-rt3y4.7 Soar— 7fl^-My* 



Sum, 4ar* — 3^ + 7-|-24!;y+4y* — a Sum, 3a« — 7ay +x^'-|-5fl*a;4- 



SUBTRACTION. 

21. The tenn Subtraction is used in Algebra, in a sense 
correspondingly enlarged with that of Addition ; for here 
both Addition and Subtraction, properly so called, are em- 
ployed in finding the difference. 

Rule. Change the signs of the quantities to be suh- 
tracted^ and then proceed as in addition. 

When the sign of the subtrahend is + (plus,) the reason 
of the rule is very evident. Thus, for example, if it were 
required to subtract S^ from 3a, the difference is properly 
represented by 3a — 2 j;, because the sign — ^ (minus,) pre- 
fixed to the 2a?, shows that it is to be subtracted from 3a. 
That the rule leads to the true result, when any of the quan- 
tities to be subtracted have the sign — prefixed, may be 
shown as fi)llow8. Let it be required to subtract 26 — Sw 
from 5 a. It is obvious that 26 — 3^ is less than 26 by 3^, 
and, therefore, that if 26 — 3w were subtracted from 5 a, 
the remainder would be greater by 3^7, than if 26 by itself 
were subtracted. Now^ when 2 6 is subtracted, the remainder 
is 5a— *26, and, therefore, when 26 — 3w is subtracted, 
the remainder must be 5a-— 264-3«. 

The same thing may be shown in the following manner : 
The difference of the two quantities, 6 a and 2 6 — •* 3 «, will 
not be altered if the saip^ quantity + 3^ be added to. both. 
Let this be done, then we shall have 5a + 3w and 26-^ 
3af + Sw, or 5a + 3^ and 26, (because — 30? and +3af 
are = ;) now, by subtracting 2 6, the difference wijl be 
5a + 3d?«-S6 or5aT-*26 + 3^ as before. 
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It is hardly necessary to state, that the above is the result 
obtained by the rule. For, if the signs of the subtrahend be 
changed, it becomes — 2 6 + 3 a?, which, added to the 6 a, 
gives 6 a — 26 + Sa?. 

Ex. 1. From 4a& — 3c + 4, take 2w^ — Sofy + wif'. 
The subtrahend with its signs changed, is — ^of^ + 3wy — 
^y«; and, therefore, the remainder is 4a6— 3c + 4i — 
2af^+3xy — xy^. 

When any of the quantities in the subtrahend are like 
those in the minuend, it wiU be more convenient to place the 
one under the other, conceiving the signs of the subtrahend 
changed, and then proceeding as in addition. 

Ex. 2. Ex. 3. Ex. 4. 

5jjty_5eM;+2j?y2 7a*+ 5bc — Sz 5V^— 4a?'» + ll 
5x«^ + 4fljr— 7xy' 2x^— 86c + 52 sVj^— 4x"— 3 

9jr«y_9flw?+9jry* 5fl«f 136(7—82 2V^ * +14 

EXERCISES. 

5. From Sax — 4^ 2 + 7 J?* take Bax^Syz — 8«' 

6. From 3 x^y^ + ia xy — 7 take a^y^ — Zaxy-^-X 

7. From aJx^y--^ hijcd + xy^ take -^ 3 aJx^y + 2 b^Jcd--^ 

Sxy^. 
S. From fl« + 6'^ — c take p* — ^ + 3. 



MULTIPLICATION. 

22. Multiplication in Algebra, signifies the same thing as 
it does in Arithmetic. To multiply a by 6, for example, 
signifies that 6^ is to be repeated as often as there are units 
in 6. The product is of course a x6, or simply a 6, (No. 7-)* 
The rule for the multiplication of algebraic quantities, is 
commonly divided into three cases, in each of which, it must 
be observed, that if the signs of the factors be like, that is, 
either both positive +* or both negative — -, the sign of the 
product will be + ; but if they be unlike, or the one posi- 
tive +, and the other negative — , then the rign of the pro- 
duct will be — . 

* When any reference is made Without stating to what. Algebra is 
understood ; where Arithmetic is meant, it will be expressed. 
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The preceding rules for the sign of the (voduct may be 
ezphuned as follows : 

(Isi), If + a is to be multiplied by +by the meaning is, 
that + A is to be taken b times, or as often as there are units 
in by consequently the product will he +ab. (Mj) If — a 
is to be multiplied by +6, it means that -—a is to be repeat- 
ed b times, or as often as there are units in &, and, therdPore, 
the product is — -a&. (3d,) If + a is to be multiplied by 
-«*6, it means that + a is to.be subtracted as often as there 
axe units in 6, and, consequently, the product is — 'ai* 
(4^A,) If -* a is to be multiplied by — 6, it means that — a 
is to be subtracted as often as there are units in b ; and since 
to subtract a negative quantity — a b is the same as to add a 
po»tive one, the product will be + a 6. 

Or these four rules may all be comprehended in one^ thus : 
To multiply a-^b by c— ^d, is to add a — b to itself as often 
as there are units in c-^d; now, this is done by adding it 
c times, and subtracting in d times. 

But a — 6 added c times ^izzac^^ be 
and a — h subiracled d times :z:'-^ad'-\-bd 



therefore^ a — bxc — d = ac — be — ad -\- bd 

That is^ + a X +c = + fl c 

— 6x +^= — ^^ 
+ flX — dzr — ad 

— bx—d= + bd 

£3. Powers of the same quantity are multiplied together, by 
adding their indices or exponents. Thus, o*Xo^=:o*"*'^=o*. 

For a^=zaa and a^=iaaa9 (No. 11.) therefore, d^xa^= 
aax aaaz= aaaaa=. a^. If a is to be multiplied by a^, the 
product wiU be a? by the same rule ; for an a^ and a' xa^= 

a^+* =1 a'. In the same manner, a!^x a^z=id^t*. 

Case I. 
When the Factors are both Simple Quantities. 

24. Rule. Multiply the coefficients of the two terms 
together ; and to the prodtwt suibjoin all the letters tyr their 
powers belonging to each termy in their (Uphabetical order ; 
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and the remU^ with the proper eign pre/iaed, will be the 
prodiuet required. 

Ex. 1. Ex. 2. Ex. 3. Ex. 4« 

9a +7ab — 18«« —5*^^ 

3b -^^cd + 5a:i^ — S« ^* 

The fint and second examjdes Are «o plnn, ss to requbre 
no explanation. In the thira, ^ appears m each faetor, 
which will gire « a or a' in the products In the same jtnim- 
ner, *rxa?* = a?a?a?or «*, 8tc. 

Ex* 5. Ex* 6. Ex« 7. Ex< 8< 

^ 5fl*c I7fl*&c ^^i^ahti^ — 9p?f 

3ac« _4a6*c2 ^8o«6« ^4p«g»r 



•4m^ 



Case II. 

Whea one of the Factors is a Compound QfjumlUy. 

25. Rule. Multiply each term of the compound quan* 
tity by the simple factor as in the last case^ and the result 
wUl be the product required. 

Ex. 1. Ex. 2. 

3aj?— 2ay +6af* ^sfiy^ — Sxy* +a^it* — 4 



Ex. 8. £x« 4. 

9x* — ^ax^ + Sory— 2 1 2a* — i, + 1 8a?y*— 8^ 

Box — ^aey 



Case III. 

When both Factors ate Compound Quantities. 

S6. RcTLE. Multiply every term of the multiplicand se» 
parately by each term of the multiplier , then the sum of all 
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* 

^partial produotSi will be thi Mai produoiof ike ^ven 
qumtUies. 

Ex. 1. Ex. 3. Ex. 3. 

a +b a +b a+b 



1st, by a, <f+ab fl*+a6 ac+bc 

Ex. 4. Ex. 5. 






S7. The product is often merely indicated. Thus, the 
product of the sum of a and 6 into e is (a + h) c. lii many 
of the operations of algebra it is very conv^ent to resolve a 
product into its factors. Thus aa?'+i^= (o + 6)a?'; par + 

Ex. 1. Multiplya* + 2ai+i*by a + J 

Ans. a« + 3 a«& + 3 fl ft* + J«. 

Ex. 2. Multiply ar' — «* + a? — 5 by ?«' + oj + 1 

Ans. 2a?* — 4?* + 2j:'— lOo?* — 4 « — 5. 

Ex. 3. Multiply fl« + 6' by a' — 6' Ans. a® — fts. 

Ex. 4. Multiply 3 a* — 2 «« + 4«^ by 5 a* — 3 a x — 2 a:* 

Ans. 15a* — 1 Qa^x + 20a**«— Sajr^ — Sor^ 

Ex. 5. Multiply 8 «* — f «+ | by or — J. 

Ans. 3a:« + V «* + 4* — I- 



DIVISION. 

S8. Dividon in Algebra is performed Uke that in Arith- 
metic, and when the division cannot actually be made, it is 
indicated either by placing the sign -^ between the dividend 
and divisor, or omner, the latter under the former. Thus, a 

d 
divided by 6 = o -^6 or ^. 
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The rule for the siga of the quotient fiiUows readily fiom 
that for the product. For, since the product of the quo- 
tient and divisor is equal to the dividend, it is manifest 
that if the signs of the dividend and divisor be like, thai 
isy both +, or both — , the sign of the quotient will be 
+ ; and if thev be unlike, that m, the one + and the other 
— , the sign or the quotient will be — . 

The preceding rules may be conveniently exhibited as fol- 
lows : — 

If + a X +bz=: + ab, then i^ = + 6 and i^ = + a 

-t-a +6 

+ a X — 6 = — a6j then =: — b and r- zz 4- a 

+ a — 6 

— a X — b=z +ab, then ^t — -- — ft and ■■ / =: — a 

— rt —6 

Hence we infer^ that /iA^e signs produce + in the quotient, 
and tmlike signs — . 

29. Powers of the same quantity are divided by subtract- 
ing the index of the divisor from that of the dividend. Thus, 

-«- i= a* —^=: a' ; in the same manner — = a*"'*^ ; 

Of Division there are three distinct «ases, as in MultipU- 
cation. 

Case I. 
When the dividend and divisor are both simple terms. 

30. Rule. Place the dividend aver the divisoTy in the 
manner ofafraction^ and then reduce it to its simplest form, 

, by cancelling the letters andjigures that are common to both 
terms. 

£XAMJ?L£S. 

18/i6c-f.9«cor— — =26;— 8a'jr2i/[-i.4'«x,or ^— ?-^ 

= — 2 fl X V ; — 6ax^ -i Sax, or — "SLfL — r ^ . ? -. i . 

— 8 ax 4i a ' 
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JEx. J. Piyidi^ Idaf' by 8 ax. Ana. S «. 

Bj^. «. Diyi^^ —19 ^/ by gay. Ans. — 2 w^y. 

Ex. 3. Divide — 15 x^ by — 5^. Ans. S xyK 

Ex. 4. Divide 10 a^ :x? y^ by — 1^ a «*^. Ans. — ^ a ^y. 

- Ex. 5. Divide 8 a*" by 10a** . Ans. % a*""^ 

5 • 

'" 5 2- 5 fl* 

Ex. 6. Divide ;t a^ ^ by - a or*. , Ans. — • 

6 "^ ^ * 4jr 

Case II. 

31. When the divisor is a simple qucmtity, and the divi" 
dend a compound one. 

Rule. Divide each term of the dividend by the divisor ^ as 
in the Jbrmer case^ setting down stich as will not divide in 
their sinmlest form. 

EXAMPLES. 

(ab + bc -^b or — ^ — = a + c ; (fi a x + 8 a y) ~i- 2'a or 

2 a I .7 V / ^^^ 
:=z8 ax — 2x^ ; (12 a^x^y^ — 10aar' + 8 a* x) ^6 a x^ or 
:Z _ _! ^^2 a^ v^ . 

Ex. I. Divide 6abc + 4 a 6^ by 2 a 6. Ans. 3c + 2b. 

Ex. 2. Divide 9 a x^-^l^ ay^—&a^hy Sa. Ans. 3a;*+4y— 2a. 
Ex: 3. Divide 12fl«cjr— 10ac2;r« + 6a*by 8 a*. 

3 5c^x^ . 3 

Ans. - c X ; 1- r • 

2 4a 4 



Case III. 

3S. YF%«n ^A^ diz^i^or a72{2 dividend are both compound 
quantities. 

Rule. Place the divisor and dividend in the same mamier 
as in Arithmetic ; arranging the terms of each of them ac^ 

£ 
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cardimg to the powers of the leading guantikf ; divide the 
first term of the dividend hy the first term of the divisor , 'and 
place the result in the quotient ; multiply each term cfthe di- 
visor by this qiumtity, placing the product upder the like 
terms of the dividend ; subtract itjrom them, and to the re- 
mainder bring dozen as many terms of the dividend^ as wUl 
make its number of terms equal to that of the divisor ; pro- 
ceed as before until aU the terms qf the dividend are brought 
down as in divison qf common Arithmetic* 

Ex. 1. Divide a« + 2 a 6 + 6* by a + 6. 



Divisor. Dividend. Quodei 
+ b)a^ + 2ab + b\a + b 

/rS A^ ft h 



ah + V^ 
ab + lfl 



The first term of the dividend (a^), divided by the first term 
of the divisor (a), gives a as a quotient ; this multiplied into 
the divisor a -f 6, gives a^+ a by which, when subtracted from 
the corresponding terms (a^+2abj) leaves ab; to this re- 
mainder the next term (6^) of the dividend is brought down ; 
the first term a 6 of this partial dividend (ab + &'), being di- 
vided as before by the first term (a) of the divisor, gives b as 
a quotient; this, multiplied into the whole divisor (a+b}, 
gives ab +b^y which, when subtracted, leaves no remainder ; 
the quotient is therefore a +b. In the same way may the 
process be continued, whatever were the number of terms. If 
the dividend is not exactly divisible by the divisor, the 
mainder is put over the divisor in the form of a firaction. 

Ex. ?. 

a^b)a^—Sa^b+Sab^^lfi(^a^—2ab+l^ 
a^— a^b 



— 2a^b+Sab^ 

— 2a^b+2ab^ 



a 6*— b^ 
a ^2— b^ 
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The quotient will be the same in value, if both divisor and 
dividend are ranged according to the powers of b, 

^ b+a ) — 6^+3 a 6«— 3 a* 6+a^ ( +6«— 2 a b+a^ 
— 63+ ab* 

2 a b^— S mH 
Qab^—Zd^b 



— aFb+a^ 

— a^b+a' 



The quotient would even be the same in value, in what- 
ever order the terms were ranged ; but in no way could it be 
so simply expressed as it is in the two preceding examples. 

Ex.8. Divide a®+5a*jp+l0aV+l0aV+5a«*+*« by a*+ 

a*+2fl*x+ cfia^ 

Sa*j?+ 9aV+10aV 
Sfl*a?+ 6aV+ SflV 

3aV+ 7aV+6ax^ 
3aV+ Gtt'x^+Sax^ 



flV+2flj?*+«s 
aV+2aj?*+ar* 



Ex. 4. Divide a*— j?^ by a — ar. 



a^x)a^ — oc^ia^+a^x+a^x^+oj^+x* 



a* — a^x 









ax* 
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Ex. 5. Diyide B^—lS^+S0x^20 by ix^9* 

«— 5 
4x— 8)8x»— 1 8 jr* + SOr— 20(2a?«— 3« + 5 +r r 

8^— 6^* **^^ 



— 12d?*+S0j? 



21jr— 20 
2Di— 15 



33. The division of Algebraic quantitieB, may sometiines 
be canned on ad mfinitum, like a lecuning decimal. A &w 
terms, however, of the quotient, will be sufficient to indicate 
the rest ; and, therefore, supersede the necessity of actually 
going through the division. 



Ex.6* Divide a by a 4- X. 

fl+x>— .(l_--+-5_-3-+, &c. 

a a* fl 
a+x 



«2 



il 

a 

Xi J^ 



fl« 



+ &c. 

In the same manner, it may be shown, that =14. 

a — a; ^ 

:: + :;s + 3 +> *^^- ^^here the hm by which either of these 
series may be continued, is obvious- 
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EXAMPLES. 



Ex. 1. Divide a* — ^2flA+6' by a — 6. Ana. a— -6. 

£x. 2. Divide a' — 6' by a — 6. Ans. a-|-6. 

Ex. 3. Divide 9*^+3j?*— 38«+24 by So? — 4?. Ans. 3x*+5ar-^. 
Ex. 4. Divide 2«*y«— «3y+4a?y— 6a?H2(Xr*— l6"by xy— 2jc*+4. 

Ans. Sjfy+S** — 4. 
£x. 5. Divide a^ — *®bya — jr. Ans-a^+fl^ar+fl^x'-faV+adr^+ar*. 



Ex.6. Di^^de-^--x« + -*--by.a:--. 

A 2 . 3 ,5 
Ans.5^--x + -. 

34. On the application of the preceding rides to qtumtUies 
with literal coefficients. 

It has been abready stated, (No. £7*) ^^^^ ^ compound 
quantity may be expressed by placing the coefficients of like 
quantities, one after another, in a parenthesis, and then an- 
nexing the common letter by which each of the quantities 
within the parenthesis is to be multiplied. Thus, aa^-^ 
ba^+pa^ = (a — b+p)a^; ^-^ax^—bx^ — car« = — (a + 
6 + c)a?«; — ax2 + ^J7« + car« = — (a — J — c)a?«. The 
first example is very simple ; in the second, the terms are all 
negative, that isy are aU to be subtracted ; and to subtract 
each of them in succession, amounts to the same thing as to 
su^act their sum at once ; now their sum is (a + A + c)dr% 
and to show that it is subtractivs, the sign minvs is prefixed, 
thus, — (a + 6 + c) a?*. In the third example, the whole 
(Quantity wfll either be negative or positive, according as a x'^ 
is gf eater or less than the sum of bafi and cor^ In either 
case, the result is properly indicated by the expression 
— (a<— 6 — c)«'; for this implies that both 6 and c are to be 
subtracted from a, the remainder multiplied by d?', and then 
this product subtr/icted ; now, if a be greater than the sum of 
b and c, a-^b-^c will be positive^ and, consequently, also 
positive when multiplied by o;^ ; a positive quantity is there- 
fore to be subtracted, (as indicated by the sign — pre- 
fixed to the whole quantity,) and therefore it will become 
negative. 

On the contrary, if the sum of b and c be greater than a, 
then 0—6 — c wiU be n^ative, and, consequently, also nega- 
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tive when multiplied by j?' ; a negative Quantity is therefore 
to be subtraoteo, and hence it will become poeitiye. 

Ex. K 

aafi — 6«* + X 
Add -l — c** + rf«* — rx 

qx 



{aafi — bx^ + 
— cj' + rfa!* — 



(a— c4-p)ar'^(6 — rf4-fl)«*+(l — r+g)« 

Ex.2. 

Subtract, { s.'^-iit:: 

(p — m)«»_ (9+n)««+(r+*)x 

Ex. 3. 
Multiply mx^ — nx J^'r 
by P^ — g 

'^mq x^-^n qx — r q 

mpa? — («+»i)«*4-(pr+f»^)« — rq 

Ex.4. 

ar» — a d? — 6 ) a a:^ — (a«+6)4?»4.5*(a a? — A 



35. jln ewampk of the application of the demehtar^ rules 
in deducing a general theorem. 

Let a and b be any two. numbers, of which a is the 
greater, and b the less ; let their sum be represented by s, 
and their difference by d. 

Then a 4- 6 == « 
and a^^b^d 



by Addition, 2a=: s + d 
and hence, 



a=zs + d^ 



by Subtraction, 2 6 = « — c^ 

and hence, &=:—»- 

2 J 

From which we deduce this general theorem, that *^ if the 
sum and diffirence of any two numbers be giyen, the greater 
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* 

of them may be fouad, by adding half the given difference 
to half tl^e g^ven sum ; and the leas^ by subtracting half the 
given difference from half the given sum.^ 

Ex. The sum of two numbers is 124, and their difference 18, 
what are the numbers ? 

- the sum =: = 62 

2 2 

ithediff. = il=-^ 

by Addition, - 71 = the greater number 
by Subtraction, - 53 = — less 



FRACTIONS. 

The rules for the management of Algebraic Fractions, are 
the same with those in common arithmetic ; and, as these 
have been alreadj^ explained, it would be superfluous again 
to detail the principles on which the vanous rules are 
founded. An example or two under each, will be sufficient 
to illustrate the various processes. 

36. To reduce ajracticn to its lotoest terms. 

Rule. Find the greatest common measv/re of the terms 
of the Jractiony as in Arithmetic^ (No. .44k) and then divide 
them both by it. 

Ex. Reduce «-- -s to its lowest terms* 

a? J^ 26a? + 6* 

:r«+2 6ar+d«)a?3 — 6«ar (« 

j!» + 26«* + 6*« 

_ 2 6**,— 2 6* a? 

♦df+6)jf«+26«+6«(»+d 
«*+ hx 

6d?+6« 



* In findiotf the greatest common measure of two quantities, either 
of them maybe multiplied or divided, by any number or quantity, 
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Hence the greatest oommon measure c^ the't^o teri&^ & 
x + by and when they are both divided by it, ire obtain 

^ "" ^ for the given fraction in its lowest terms. The 

greatest common measure of the terms of a fraction, may 
often be found by mere inspection. 

Thus, , ^'-f ,, = (a + b)(a'^b) ^^ ^ ^ ^ a + 6 

— ; — 5— = 7 — . V 9 and hence =: —3. 
c+a*x {C'\'X)a^ • or 



c, 



EXAMPLES. 

^ ^ a^b^ — b^x , , 6« 

Ex. 1. Reduce -1 — ^ =— to its lowest terms. Ans. -y- — . 

Ex. 2. Reduce -3 — ^-^15 ^ '^^ lowest terms. Ans. — ~ — . 

jp' •— a^ 
Ex. 3. Reduce -r 4 to its lowest terms. 

A x^ + ax "{' a!^ 

' x^ + ax^ + a^x + d^' 

8*7. To reduce a whoUe ntimber to an equivaieHi JracHon^ 
having amy given denominator^ (No. 45. Arith.) 

Ex. Reduce j? -|- 2 to an equivalent fraction, whose denomi- 
nator shall be ^ -|- 3. 

(^+2)(.y+3)=^J^+gy+3^+g>hence '^y + ^y+|'^ + ^ = 

fraction sought. 



EXAMPLES. 

Ex. 1. Redup^ (<+^ ^^ A^ equivalent fraction, whose deno« 

a« 6« 

minator shall be a — 6. Ans, 

a — b 

which is not a divisor of the other, or that contains no factor which is 
common to them both, without in any respect changing the result. In 
the present example, the remainder — 2^ir« — ^A*a? is divided by 
— sia?, which giyes the quotient x +.h. 



1 
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Ex. 2. Reduce nf + xy-^-y^ to an equivalent fraction^ whose 

denominator shall be j: — y. Ans. ^. 

«-— y 

88. To reduce a miaed quantify to an improper fraction^ 
and conversely. (No. 46. Arith.) 

Ex. 1. Reduce 2x -{ — to an improper fraction. 

2 d? = — ~ — = — ; to this add the fractional part, and we ob- 

^. 6« . JP — 2 6x + x — 2 7j?— 2 
tain 1- -=— :: — = ' = . 

2 J? •— ^ 
Ex. 2. Reduce S « — to an improper fraction. 

8 « =z n = """z^ > ^®^c it must be remarked, that the sign 

2*— 5 
-. prefixed to the firaction — - — indicates that the whole of 

that fraction is to be subtracted, and^ consequently, that the signs 
of each term of the numerator must be changed when it is com- 

21 * 
bined with — — ; hence the improper fraction required is 

Six — %x + 5 19ar + 5 

7 T 7 

Ex. 3. Reduce ^-^ 2 to a mixe4 quantity. 

^ax Sax 



EXAUPLES. 

Ex. 1. Reduce 2 a H ^ — to an improper fraction. 

. 7a— -jc 
Ans. 

X 

2 jf^— 6 
Ex. 2. Reduce 8«* — "^-^rr— to an improper fraction. 



5- . 



Ans. — 

5 
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Ex. 5. Reduce a — • j; H — — to an improper fraction. 

X 

Ans. • 

X 

Sx — 6 
Ex. 4. Reduce 2 4; + 5 -^ — 3 — to an improper fraction. 

Ana. g 

Ex. 5. Reduce — ^-^t !LZ1 — to a mixed quantity. 

3 2 
Ans. 3 a: + 2y — "^ * 

11 j*s ^. 13^ MM 8 

Ex. 6. Reduce -~^ to a mixed quantity. 

3 

An8.3j« + 4f— 2 + ^**'^*-~^ - 



89> 7*0 reduce a compoundJi'acHon to a timple one. (No. 
47. Arith.) 



9i^ 



Ex. 1. Reduce 7 of \ to a simple fraction. 



- of ~ = iii-l^ = ?^ = — 
* 9y""4x9j^ S6y 3j^ 

Ex. 2. Reduce - of - of to a simple fraction. 

3 4 8 

2 s'Sx^^Gx 2 X S X (S a?« — 6 a;) _ 3 a:^ — 65, 

3 ''^ i''* 8 = 3X4X3 " 16 



EXAMPLES. 

Ex. 1. Reduce | of ^ "7 — - to a simple fraction. 

Ans. ^ 

2 

Ex. 2. Reduce ^ <rf =of — — f-r— to a simple fraction. 

' ^ 24:« + « 

Ans, -r — 7 — 

2x + y 
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4fO. To reduce Jr actions qf different denominators to other 
equivalent Jractions having the same denom^inator. (No. 51. 
Arith.) 

Ex. 1. Reduce -— , — ■ and -^ to equivalent fractions hav- 
ing a common denominator. 
2x 2j:x4x6 4?8x Sx 3 or X 3 X 6 5^x 



3—3x4x6 72' 4 4xSx6"72 



and 



5x 5xx3x4 60a: „ 2x Sx .5x 

T"= 6x3 + 4 = "72"- ^^'^^ T' T *"^ T *'^ 

. 48 a; 54 « , 60 a: .. i 

equal to -f^^, ~ and -^ respectively. 

Or by taking the least common multiple (IS) of the given 
denominators^ 

«T 1- 11 u 2x Sx .5x Sx 9x , ^0x 
Weshall have -^, _ and — = — , — and ,^ re- 

spectively. 

Ex. 2. Reduce — ; — , -^i ^^^^ ^ — ^ equivalent fractions 

a-f-x Yt X ox 

having a common denominator. 

Sx 3ar X 2jc X Sx 18a;' 

a-^x ^ (a+«)X2a?x3x"" 6ajp* + 60:^ 

a-^x (g — * J?) (g + x) X 3 a? Sa^x-^S:^ 
2x "" 2«X(a+«)X3a?"6a «*+ 6 x^' 

1 _^ 1 X 2ar X (g + J) _ 2ax +2j» 
"3^"" 3a; X 2a; X (a + a;) "" 6a«* + 6«** 

180;* 3a*j; — So;' , 2aa; +2ar« , 

Hence 5 — ^ . ^ _o -^i « . ^ , and ^ — ^ . ^ , are the 

6 a or* + 6 or 6aa;* + 6a:' 6ax^ + 6x^ 

fractions required. 

EXAMPLES. 

Ex. 1. Reduce '^^ ^ and 7 to equivalent fractions having a 

common denominator. 

. adf hcf -ghee 
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Ex. 2- Reduce ^^ — > — —- and — to equivalent frac- 
tions having a common denominator. 

45x* — S0x 40jr + 20 . S6 x 
^"^ 60 ^'-60— •"•*-60- 

Ex. 3. Reduce i±i' J=| «„1 ^^ to equivalent frac 
tions having a common denominator. 
Ans. — = 7 7 * ; — ; — •— *- and — r — ^ 



ADDITION OF FRACTIONS. 

41. In order thai Algebraic Fractions may he added to^ 
getherf they must first be reduced to a commqn denominator, 
(No 52. Arith.) 

Ex. 1. Add together the fractions -« - and -• 

® 2 3 4 

-> - and - are respectively equivalent to — ^ r^ and -— , 

_6j;.4j:,3jr 6x -{• ^x + Sx IBx ^. 
*°'* 12+12 +15- = li = ^f2- the sum requir. 

ed. 

Ex. 2. Required the sum of the fractions — ^^ and — — . 

--5 A- - 5 

The fractions — 7^^ and X — when reduced to equi- 

. . • 4 .5 ^ 

valent fractions havinir a common denominator, are 

20 ' ®*^"^ which IS equal to —^-77— H ^^r — 

10 jg— 15 + 12^ + 8 22ar— 7 
*" 20 ^ SO ' 

AXAHPLES. 

« 

Ex.l. Add?=? ?f±f and 5f=? together. Ans.il±ii 

. • \v. 2 , 4 8 *^ 8 

Ex. 2. Add -i-rand -J— together. Ans. -^^ 
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Ex. S. Add £±*aiid ?=t together. Ans. ^*'*+g'' 

Ex.4. Add !^=i, ?-llandi±I together. 

4 iT+l J? — 1 

2ar« — 5ar« — 2ar+ll 



Ans.. 



4a:^ — 4 



SUBTRACTION OF FRACTIONS. 
42. Proceed as in Arithmetic^ (No. 68 J 



^ » 



Ex. 1. from ^ take 1- 

4 3 

S« 2 J?_ 9 Jy 8x_ jr 

T" "S~ 12 12"~ 12 

Ex. 2. from — "ti take— ■::i? 
« — 3 « + 3 

a? + 3_j; — S_ x^+6x+Q_a^^Sx+9 _ 
x—S »+^- a;*— 9 «« — 9"" 

a;0 4. 6jr+9 — ^^+6j?— 9 — ^^^ 
i«--9 ««— 9 

EXAMPLES. 

Ex. 1. from ULP tJ.e £i^ Ans. i£l±i 

5 dx ' Q X 

Ex. 2. from — ^ take — i-- Ans. ^* 



a — 6 a + 6 a« — ft« 

Ex. 3. from i±::ii take _I_, Ans. 9o^^-SOx+25 

Ex, 4. from J!?i take £- Ans. .211=^ 

« 9 nq 



MULTIPLICATION OF FRACTIONS. 
43. Proceed as in Arithmetic, (No. 54. ) 

Ex. I. Multiply ^ by y. 

4 p 

si 5x Sxx5x _ l5'x^ _5x'^ 
4"^ "6""" 4X6 "" 24 ■" 8 

Ex. ^. Multiply — by — - - 
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From Ex. 2. Case III, of Multiplication a*— *«=:(a+4) (a— &) ; 
hence ^L-^^ x— - (fl+^) (<» — ^)Xga' (/i— 6)2a« ' 

BXAHPLES. 

Ex. 1. Multiply ll- by 1-' Ans. ^ ** 



«— 3 5 5«— 15 

Ex.2. Multiply ^£=1-* by— ii_ An.. ^** — ^* 

Ex. 8. Multiply-^* by-lf Ana. l^ 

Ex. 4. Multiply Ai- byfllZ*' Ans. ^jLlA 



DIVISION OF FRACTIONS. 
44. Proceed as in ArithmeiAc^ (No. 55. J 

Ex. I.Divide if!by — 

8 j?» . 4jr _ 8ar^ ^ _ 8 jr^ X 5 _ 40 j ' _ lOo: 
3^* 5"" 3 4a:""3X4a:""l2«"~ 3 

Ex. 2. Divide t?r-J by ?.lrii 

5 15 

4a?— 8 ^ 2£-~ 4 _ 4 J? — 8 15 _ g 

5"" * 15 5 2a?— .4"" 

£XAMPLES. 

Ex. 1. Divide f! + if by -^ An8.-JL+i_ 

j?2 — 9 x+S a^ — Sx 

Ex. 2. Divide ^-±±1 by -£=i- Ans. ^Z± 

x + 5 •" 3 a:— 2 a;« — 25 

Ex. 3. Divide 2flz-^* by li+iA Ans. ^ab^Sb^ 

3fl 46 9a 

Ex. 4. Divide ±1^ by« "li Ans. ^' + ^^+^ ^ 
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INVOLUTION AND EVOLUTION. 

45. It has been already stated, (No. ll.) that when a 
quantity is multiplied any number of times oy itself, the 
successive products are called powers^ of the original quan- 
tity, while this quantity itself, in reference to these powers, 
is denominated tne root. Thus, the successive powers of a 
are a, aa, aaa^ aaaa^ &c. or according to the mode of nota- 
tion explained (No. 11.) a% a', a', a% &c., where a^ and a', 
from geometrical considerations, are respectively called the 
aguare and cube of the ^iven quantity a. The fourth power 
of a or a% is also sometimes called the biquadraie ; but the 
higher powers seem to have no other than that of numeral 
distinction. This process of continued multiplication of a 
quantity into itself, by which its successive powers are form- 
ed, is called Involution. 

In the powers of Algebraic quantities, the multiplication is 
merely indicated , but in those of numbers, it is actually 
performed. Thus, the fifth power of .r is expressed by 
xxaxx or more simply by d^, when there is a mere indica- 
tion of the multiplication. The fifth power of 2 is = 2^, by. 
indication, or 2xSx2x2x3=32 by actual multiplica- 
tion. In the same manner, the fifth power of 3 is = 3^ = 
8x3x3x3x3 = 243, &c. when it must be observed, that 
the number of factors in the power, is that expressed by the 
units in its index* In this way the following table, which 
contains the first six powers of each of the nine digits is 
formed. 



1st 

2d 

3d 

4th 

5th 

6th 




2 


3 


4 
16 
64 


5 


6 


7 


8 


9 




4 


9 

27 
81 

243 

729 


26 


36 


49 


64 


81 




8 


125 


216 


343 


512 


729 




16 


256 


625 


1296 


2401 


4096 


6561 




32 


1024 
4096 


3125 


7776 


16807 


32768 


59049 




64 


15625 


46656 


117649 


262144 


531441 



46. In raising a simple algebraic 'quantity a to any power, 
all that is necessary, is to multiply its index by the index of 
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the power to which it is to be raised. Thus the 5th power 

ofais = a^^*=o*; the4th power of 6* is = 6^^^ =6«. 
This is manifest, for V raised to the fourth power is 

=A«x6«x5»xi* = *'»+»+'■»■' = d«X*=*«. In the same 

manner, a* raised to the w^ power is a" ^ '^ = a*^ "• 

The odd powers of negative quantities, will. have, the sigi^ 
mwnas^i and the ffoen powets the sign jp2u^. Thus, the square 

of— fl = — flX — a= + a*; theeubeof •— a=: — ax-— 
a X — a = + o* X — a^^^a^. In the same manner, the 
fourth power of ^^a^-^a x — a X— a X — a = — 

a' X — fi= +a*. Or in general, — a^ raised to the ffi^ 

power is -^a*"** according as n is an even or an odd num- 
ber. 

Any power of the product of two or more quantities, is 
equal to the same power of each of the factors multiplied 
together : thus, (a ft)* = a 6 X a 6 = a* ft* or iii general 

(aft cf =:Q^xb^X c"^' If the quantity have a numeral 
coefficient, this coefficient inust likewise be raised to the given 

• power, thus (8 a* Vy = 3^xa^\b^^ *= 81a«ft'*. 

47. Fractions are raised to any given power, by raising 
both numerator and denominator to that given power. Thus, 

the third power ^^ i or f 7 1 = 73-= gj. The fifth power 



a a^ 



of - = 3-. A mixed number or quantity is raised to any pow- 
er by first reducing it to an improper fraction, and then rais- 
ing thai fraction to the given power. Thus, the third power 

^^, -23 23^ 12167 7 t^ L i 

ofSf orof— = -p- = -g^=z:l90gj; the fourth power 



k^, i.5 5* 625 ^^ 1 

of2iorof-=^=-jg=S9y^. 

On the Involution of Compound Algebraic 0,tumtities. 

48. The powers of compound algebraic quantities are 
found by the mere application of the rule for the multiplica- 
tion of compound quantities, (No. 26.) 



I 
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£z. 1. Required the, third power of 2a +36. 



1 


2a-f'Sb 
2a+95 




6a6+96' 


Square ; 


= 4a*+l2fl6+96* 
Qa+Sb 




8a«+24ki«6+18a6« 

12a«6+S6fl^+276* 



Cube =: 8a«+S&i^+44fl**+27*'« 

When the index of the power to which the quantity is 
to be raised, is a large number, this process of continued 
multiplication would evidently become extremely tedious 
and inconvenient. We shall therefore explain the method 
of finding the powers of compound algebraic quantities by 
Sir Isaac Newton^s Binomial Theorem. Tnis theorem 
admits of a general demonstration, but at present it may be 
sufficient to deduce it from an induction of a few particular 
facts. 

In die involution of a binomial quaitdty of the form 
a+b^ the powers of each of the letters, together with their 
coefficients, are found to observe certain laws, which will 
be readily understood by an examination of the following 
table :— - 
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The successive powers of a-— b, are precisely the same as 
those of a+bj except that the signs of the terms will be + 
and — alternately. 

49* In reviewing the preceding table^ where several of 
the powers of a+b are expanded, it may be observed, 1^> 
That in any one of those powers, the first term a of the 
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binomial appears lit ever^ term' except the last, and the last 
term b of the binomial m every term except Uie first. 2d, 
That the index of a, inr t^e fint term of the power, is the 
same with the index of the power to wfaidi the binomial is 
to be Taised, an4 that the indices of the other powers of a, 
in the successive terms, continually ifimintsh by unity to the 
last term but one, where it is unity itself. Sd^ That the 
index of b,.in the second term of tne power, is unity, and 
that the indices of &, in the successive terms, continually in- 
crease }>y unity to the last term, where it is the same with 
tne ihdex^ of .the power to which the binomial is to be 
raiseil. 

~ From fiiis statement, it will not be difficult, leaving the 
coefficients out of the question, to express the literal 
parts of any power of a-|-^ ; suppose, for example, the 7th 
power. 

The powers of a and b separately, will be as follows * 

a"^, cfi, a*, a\ a^ a*, a 
b,bKb^¥,bM^,b'' 

> Or, combining these into the form of multiplieation, 

• a\a%a'b^^a'b^aH^\aH',ab^b\ 

■ 

. N^xtt.as to the coefficients of these terms, 1^, It maybe 
ohseryed, on examining ,tl^e table, that the first term which 
has a coefficient,, is the ^co^ ti^rm of the power; and ^hat 
this coefficient is. the same as the index of the first term, or 
of the power to which the binomial is to be raised. Thus, in 
the square it is 2 ; in the cube 3 ; and in the fourth power 
4, &c. 3i, That if the coefficient of a in any term be mul- 
tiplied by its index in that term, and the product divided by 
the niimber of terms to that place, reckoning from the left, 
the quotient will give the coefficient of the next term* 

mi. • I- c I. CoefF. of a in the 2d term x its index 

Thu3,m the 6th power. Number of terms to that place = 

GyCB SO' 

--X— = — = 15 = coefficient of the third term. In the same 

Coeff. of a in the 8d term x its index _ 3 5 X 4 > _ 60 _ 
manner, Number of terms to that place . "" s "" T "" 

SO z:; coefficient of the fourth term, and so on for the other 
ooeffidents. By applying this same rule throughout, the 
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coeffident of the last term will be unity, whidi is not ex- 
pressed. 

Hence we are furnished with general rules for raising a 
binomial to any power required, without the laborious pro- 
cess of actual multiplication. Let it be required to find the 
7th power of a+b. The terms without the coeffidients, as 
already found, are 

a' <^b a«5« a!^V aW aV a¥ b'^ 
The coeff of the seeond term is 7 ; of the third sz ^-— = -3- = 2 1 ; 

J* xi. 1* ^x. 21x5 105 ^^ « ^, £^, 35x4 
of the fourth = — P— :=z ^.^ ^35; of the fifth s — ~- ^ 

9 8 4« 

85; of the sixth = —f^ = -^ =: 21 » <^ the seventh = 

21X2 42 

« 

Hence (a+6V =a''+7^H21a«6*+35fl*6»+35a36*+21a«J«+ 
7db*+b'^» In the same manner^ it will be fomid, that (a — by^zz 
a'f — 7a^b + 21fl*6«— SBaH^ + 350^6*— 2lfl«6» + 7ab^ — b\ 
ia+by^ = a}^ + 10a»fi+45fl«6«+l20o''6»+210a«6*+252a«6«+ 
210a*6«+lMa' b'^+4>5an^+10ab^+b^. 

It may here be remarked, that when the index of the power 
is an odd number, the number of terms (being always greater 
by one than the units in its index) will be an even number and 
conversely. In the former case, the tToo coefficients in the 
middle will be the same, and those coefficients which are 
equally distant from the middle ones, will be equal. In the 
latter case, when the index of the power is an odd number, 
the greatest coefficient will be in the middle, and will have 
equal coefficients at equal distances from it. By attending 
to this law of the coefficients, they need only be computed 
as far as the middle term or terms, and then the same written 
in an inverted order. 

Thus, the coefficients o£(a+by are 7, 21, 35, 35, 21, 7. 

(a+by^ are 10, 45, 120, 210, 252, 210, 120, 

45, 10. 

60. By attending to the rules which have beeii stated, 
the binomial theorem may be presented in a more general 
form. Suppose it were required to raise the binomial 
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{a+b) to the power whose index is ». Proceeding with n 
as we have done with the indices in the preceding examples^ 
it appears, that 

The first term will be a\ . 

The second - - na*^ 6. 

The third - - ^(^=lia"-V. 



Thefourth - - >'(''-i)(«-g) ^*-3y 

T„e fifth - - «i2=^^|H5=!2a-^6*. 

The last - - 6"* 

Or, (a+bf=a''+na'^^b+ " ^"~' > a"-V+ 



II 



n(n^\)ln—9t) i,--3» . «(«— X)(«— gM»— g) «•— 4.4 . 
2X3 ■'■ 2X3X4 '^ ■•■ 

&c. +6 

The use of this general form of the theorem, will appear 
in its application to an example or two. 

Ex. 1. Required the 4th power of 3d^-f-2y« 

In this instance, n = 4 ; a = Sa^, and i = %, and by sub- 
stituting these in the general formula, we have. 

The Ist term, a** is (8jr«)* - =:8l4r». 

2d, na*~^6 .... - is 4 X (S«*) X 2y - - =:2l6««y. 
3d, 'L^lfcD a^b' - is ^ X (3x«) X Otyy =:216*V*. 

501,6" i«(2y)* - =l6y*. 

Hence (8««+2j^)*=: 81«H216««5^+216«y+96*y + 16y*. 

Ex, 2. Required the 7th power of 2a? — 7. 

Hence, n = 7; a = 2ds, and 6=s~-7; and by the formula, 
(2ar— 7r = i^^V + 7 X (2«)6 x — 7 + 21 X (2*)^ X — 7* + 
35 X (2*)* X —7^ + 35 X (2«)' X — 7^+21 X (2jr)« x — 7^ 
7 X (2«) X — 7®— 7''= 128J?''— 31 36a:« + 32928*^— 192080«* + 
67228ac'— 141 1788a:*+1647086d?— 823548. 
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51/ By means of the Innomial theorenii a Mirumud^ or. 
eyea a quadrinomial quantity, may be raiaed M any j)ower. 
Let it oe required, for example, to find the fourth power of 
a+ b +c. By conndering a+ b as one quantity, we shall have, 

(a+6 +c)* = (fl+6)+cl* = (a+6)* 4- 4(a+ 6)'c + 6{a+hYd^+ 
4(a-)-^)^+c^j as before. Now« expanding these terms by the 

theorem^ we shall have o^S+S* =: a*+4a^^+^*6*+*''*'+*^+ 
4fl'c+l2a«6c+12fl6*c+4&«c+6aV+l2aftc*+6iV+4ac^+46c*+ 

c*. In the same manner^ (a — 6+c— ^* = (a— 6)+(c — d)>= 
{a—b )« + 3{o— ^)«(c— <;) + »( fl— 6)(c— rf)« + ( c~d/= (r^—3a^b+ 
Sab^—P + 3a^c^Sa*d^ 6abc+eabd+8b^c—Sb^d+3ac^— 3bc^— 
6acd+ 6bcd+Sadf—3bd^+<f'^S(?dJ^3cd^'^~<P. 

EXAMPLES. 

Ex. 1. Required the third power of (a — ir). 
Ex. 2. Required the fourth power of (3y — 5). 
Ex. 3. Required the square of (a — b^c). 
Ex. 4. -Required the square of (2a? — y+z — 3). 

On the EvohUion tf Algebraic Quantities. 

5S. Evolution is the reverse of jnvolutiop, and therefore 
explains that process by which,' when ih^ power is given, the 
root may be round. 

It has been>already observed, th^t, when a quantity is mul- 
tiplied once by itself, the product is called the squiare qt %he 
given quantity; we may now observe farther, that the 
quantity itself, ih reference to this square, is denominated 
toe sqtuire root. In the sa^e manner, if a quantity be mul- 
tiplied tzoice by itself, the product is called the cube of the 
giv^A quantity^ vhicb» in reference to this cube, is denoiai- 
nated the cuie root. The term biquadrate root^ is some- 
tipies, but seldom used. . Higher roots than the third or 
cube, are generally designated by the corresponding ordinal 
number,, as 4hej(^r<&,j|^A, &c. rooi. 
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53. From this, it appears, that to find the square root of 
a quantity, is nothing else, than to find such a qjiantity as, 
[when multiplied once by> itself, will produce the given quan- 
tity. Thus, 64 = 8 x8, th^efor^ the square root of e4 or 

'4^ = S ; va' = a xa> and, therefore, a is the square root of 
a^ or Jc?=.a^ where the.rospt may be either positive or ne- 
gative; because + X + gives +, and •: — X — gives also +. 

4 
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Ib the same naiwer, tlte finding (^ the cube root consists 
mfindii)g"siicb s-quanlit;as when tuultiplied twicehyit- 
self will produce the:^Ten quantity. Thus, 37 =£3x3x8, 
therefore, th^' cube rodt of" Sff or V0 = 3 ; o' = a xo Xo, 
and, thefe&ire, i/i?f==o. ■ > , ,, 

;! Si. The whple ptqtemeDts . bow nisde.r^Brdtiig the/ex- 
traction of roots, may be preKoied in a more general and 
condensed form, by saying) that the finding of any root of 
a quantity, conusts in finding that factor, which, when muU 
dplied into itself, once less than the .units in the iodex of the 
root, will produce the given quantity. Thus, the fifth toot 
of 82or V^ = 2,smce3S = 2x2x2x2x2; the mth root 
of a*" or "5/0^ = 0. The cube root of — a^orV — a?* = — X, 
heeaxott—it^Tr—'WX — <vX — ^. The root of a fraction is 
ffiund by extPacting botb tb&niot'bf its numerator and d^ 

aotmnirtoi;,; tku8,>/i2ctfJ:; yii^.--|2^. Thoiootofa 

mj^tftd. niiinber ,ot. qMsi|itJ», will > be jfound, fcjy firrt, rfl4u«« 
'Pgilit'.tf^ i»iIWt>per;$»i)tion,,»nd jrfieaipsSiiapong.; -tlius, 






Sff. 'tf tbe'qnantity Under the radical sign does not admit 
of having the required root extracted, it is Called a aurd ; 
thus, ^^5, V9< Vi^, are surd quantities- The application 
of the fundamental rules to the management of surds, will 
be shown afterwards. 

56. Any even root of a negative quantity is unas«gnable. 
Thus, -J — a*, V — a*, &c: cannot he determined, because 
all the lOVeo poWers of +a op;— a are poehivej Quantities, 
thewfljit',' of the form \/ — 4, V — a% &c, have no real root, 
and are, therefore,' called imposnhle. 

- 87. A general mle for the extraction of tlje square root 
ctf a compound quantity may be readily obtdned, by ob- 
ser^ng Tiow th* terms of the root are to be derived from 
those of the power. The square of a+i, according to ihc 
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table (p. 89.) is a^+iab'+Vy whidioonmsts of the squares of 
the two tenns a* and 6*, together with twice their product 
9ab. If, therefore, when me terms are ranged according 
to the powers of a, we extract the square root of the first 
term (a^, we will obtain the first term of the root (a) ; and 
if the next term (9ab) be divided by the douUe of this part 
of the root now found, that is, by 2a, this division will give 
b the second term of the root Hence the process will 
stand as follows : 






The square root of the first term a%.is a» wluch^ bring 
placed in the root, and its square (a*) subtracted from the 
corresponding term of the power (a^, leaves no remainder. 
The next two terms Sa& and V are brought down, the first 
of which, 2a&, being divided by 2a, gives & the second term 
of the root ; and as 8a&+6'r=(2a+5)6, il^ to 2a the term 
b be iadded, and this sum be multiplied by &, the product 
is 206+5*, which, when subtracted, leaves no remainder. 

The square of a+d+«, is (No. 5h) = a^+iab+bH2Qc+ 
2bc+c^f where the root may be derived by a mere continua« 
tion of the process, explained in the preceding examjde. 

a«+«a6+6«+2flc+2&-*-c«(a+6+c 



2a+6)2a6+6> 
2ab+b^ 



2a+ 26+c)2ac+26c+c« 
2flc+26c+c* 

Thus, the two first terms a+5 of the root being found as 
before, the remaining three terms Zac+Sbc+d' of thepower 
are brought down. The part of the root a+h, already 
found, is doubled, which gives 2a+2b ; the first term of 
the remainder 2ac being divided by 2a ^ves c, which, be- 
ing added to both the divisor and root, and the wbol^ of 
the former multiplied by it, gives 2ac?+2ic+c*, and diis be-, 
ing subtracted leaves no remainder. 
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In this manner, the following examples are solved : 

6 9 
Ex. 1. Required the square root of x^ — t^ + tt^* 

5 25 



X* 



«^-l)-l**+ 



9i 

25 






Ex. 2. Required the square root of 4*' — 4^ + v*+l6^ 
8y + 16. 

4a:* — 4J3/ +^«+ 16j? — 8^+ l6(2«~tf+4 

4ar2 



4a:--y)— 4ary+^ 



4d?— .2^+4) + l&p— 8^+ 16 
+l6a? — 8y+l6 



68. By the same process, -we are enabled to discover the 
square roots of numbers. Let 345 be selected as a root ; 
345 = 300+40+5, now the square of this may be found as 

thatofa+5+c, and will be 90000+24000+4600+400+25, 
let. the square root ot this be extracted. 

90000+24000+4600+400+25(300+40+5 
90000 



600+40)24000+4^00+400 
24000+1600 



600+80+5)3000+400+25 
3000+400+25 



Now, it is manifest that the result will not be altered by 
collecting those numbers into one sum, which stand in the 
same line, and leaving out the ciphers which merely serve 
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to indicate the rank of tjbe digits ; let this be doiofi, and the 
above process will assume the following omdensed fonn> 
from which the following rule is evolved ; 

119025(345 
9 



64)290 
256 



685)3425 
3425 



Divide the number whose root is to be extracted, into 
periods of two figures each, be^nning from the unites place, 
find tlie greatest number, whose square is contained in the 
first period, and this will be the first figure of the root. 
Subtract the square of this figure from the first period, and 
to the remiunder annex the next. Divide this number 
(omitdng the last figure) by twice that part of the root al- 
ready found, annex the result to the root and also to the di- 
visor ; then subtract the product of the divisor thus aug- 
mented, by that figure of the root last obtained ; and to the 
remainder annex the ne:^t period, with which proceed as be- 
fore ; and so on till the given number be exhausted. 

The reason of dividing the number, whose root is to be 
extracted, into periods of two figures each, is because the 
square of a number can never nave more than twice as 
many places as its root, and ai tfce le^t birt one leiss ; Con- 
sequently there will always be jtik as manyfigmfes in the 
root as there are pairs of- figures in the given 'number, the 
left hand part consisting in sdme* cases of a haff 'period or 
one figure. 

Ex. 2. Required the square root of 7645225. 






7645825(27^ 
4 



47)364 
329 



546)3552 
3276 



6525)27625 
27625 
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In extFacting tlie squlife foot of a number, where there is 
a decimal, the pointing off into periods must proceed both 
ways from the decimal point ; and if, after all the figures of 
the given number are brought down, there should be a re- 
mainder, the process of extraction maj be carried on to any 
degree of accuracy, by continually annexing two ciphers to 
the remainder. 

Ex. 3. Extract the square root of 94876.7542. 

94876.5783(308.0204 +&c- 
9 



608)4876 
4864 



61602)125783 
123204 



6160404)25790000 
24641616 



&c. &c. 



59- The rule for the extraction of the cube root of a 
compound quantity, may be obtained in a similar manner, 
by observing how the terms of the root are to be derived 
fipom those rf the power. The cube of a+6 is a'+3a'6+ 
3a&^+^9 which is composed of the cubes of the two terms, 
together with thr^e times; the square of the first into the 
second, and three times the square of the second into the 
first. If, therefore, the tennp oe arranged according to the 
powers of a, the cube root|a4>f the-^rst terKaa^-wi£jbd.the 
first term of the root. ^ If \he ciibe of a be subtracted from 
the given power, there will Iremain 3a*6+3a6'-(-fe^; the first 
term of which, divided by jtbree times the squaH of a, the 
part of the root already fdiind, will give b the second term 
of the root . Now, if tojjthj:e£-tinies.Jthe_.squai:e...of the 
first term, three times ' iA\i product of the tw6 terms, tcx- 
gether with the square of the last term be added, the di- 
visor will be complete.; Tbisdivisoi^ being multiplied jby 
the last term, and. the product su1;)tracted will. leave no re« 
mainde;r in this, particular cqcpmple. Jf there were a re^ 
maipderj then, the other terms of the powej^^ would be* an-, 
nexed to it, and the process woi^ proceed as before, until 
all the terms were exhausted. 
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Ex. 1. Required the eube root of (ifi+SM+SaV+i^. 



Sa«+Sa6+6«)Sa*A+3ai«4^ 



Ex.2. Required the cube root of «^ — 6«*4.15«* — 2ar'+ 
15**— 6a?4-l. 

jA-&t«+l5dP*-20d?»+15ar«— 6a?+ 1 («^-2«4-l 

«6 






3j;4— 1 2«'+12j?«+8jr«— 6ar+l \ 3jr*— I2j;3+I5;p*— 6ar+l 
Or, 30?^— l2x'+15a;*-€«+l/3a?^— 12a^415j?«— e^p+l 



60. fiy a aimilar process, we are enabled to extract the 
cube root of any number. 

Ex. 1. Let it be required to find the cube root of 16974593. 





16974593(200+60+7 
8000000 


3a* = 3x200* =120000 

3a6 = 3x200x50= 30000 

£t _ 501 _ 2500 


8974593 


3a*+3ai+i* = 152500 


7625000 


3«* =3x250* =187500 

3a6=3x250x7 = .5350 

6*=7* = 49 


1349593 


3a«+3aft+6* = 192799 


1349593 



By omitting the superfluous ciphers, making a small 
change upon the factors of the two first of those quantities 
which form the divisors, and bringing down three figures at 
a time, the above process will then be changed into the fol- 
lowing more convenient form : 
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98 



16074693(367 
8 



300x3* 

30x2x6 

6» 



300x25» 
30x25x7 



= 1200 
= 300 
= 26 


8974 


1526 


7625 


187500 

5250 

49 


1349693 


193799 


iMm& 



As every example is susceptible of a like condensation, 
the following gieneral rul^ may be ^ven. Divide the given 
number into periods of three figures each, beginning from 
the place of units. Find the cube root (S) of the greatest 
cube number (8) contained in the first period (16), which 
¥dll be the first figure of the root. Subtract the cube of 
this figure from the first period, and to the remainder (8) 
annex the next, (974). Divide this number by 300 times 
the square of that figure (2) of the root already found, and 
the quotient ♦ (6) wfll be the next figure of the root. To 
300 times the square of the first figure (2), add 30 times 
the product of the two figures (2 x 5) of the root now found, 
together with the square of the latter (5); multiply thb 
sum (15^5) by the last figure (5) of the root, and trom, the 
dividend (8974) subtract the product (7626). To the re- 
mainder (1849) annex the next period (698), and proceed as 
before. 

There are still some considerations, by which the labour 
prescribed in the preceding rule, may be abridged. Thus, 
to multiply by 300, is the same as to multiply by 3, and 
then annex two ciphers ; and, by 30, to multiply by 3, and 
annex one cipher. 

Again, referring to the example at the beginning of the 
present number, it is manifest that the a employed in find- 
ing the second divisor, is equal to the a+ 6 employed in 

* It must here be remarked, that this quotient is in general much 
less than the true quotient, because of the additions which the divisor 
is afterwards to receive. - I'hud, 1200 is contained 7 times in 8974, but 
if 7 were taken in place of 5, it would b& found that the resulting quan- 
tity, when multiplied by 7, would exceed 8974. 
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finding the first ; the 9a^ thprefore, of the second divisw, 
will be equal to 3(o4-6)* of the first = 3o»+6a6+86*, which 
is greater than the first complete divisur 3a*-|-3a&+^ by 
Sab+Sl^; if, therefore, Sab+2b* be added to the first di- 
visor, the Bum will be the first part of the succeeding one. 
This, then, in regard to the numbers, will be found by add- 
ing the three last lines together, observing to reckon the 
middle one twice. Thus, -4S35O0+Sx2500+30O0O = 
187600, the first part of the next divisor; and, in the 
same way, may the first part of every succeeding divisor be 
found. _____ 

The reason of diving the! giveli' tiumber into periods, of 
three figures each, is because the tube of a number can 
never have more than three times as many places as its 
rofrt, and at the least but two' less ; consequentfy, iheje will 
Wlways'ltMust' as many places in fhe'root, rs' there are j>e- 
riodft of three figures each in the given number, th« T^ft 
hand period conidsting in sntne instances o^ one or two 
figures. 

', Sy attending to the preceding remarks, the process of the 
extraction of the cube root of any numWr may be exhibited 
in the following condensed form ; where, for' the sake of con- 
ciseness, the sign + is used instead of the word annex. 

Ex. 2. Required the cube root of 51097851963712. 



3- X 3+00 =2700 
3x3x7+0= 630 

3379 


41097851963712(37108 

27 

24097, 

23«53 . 


410700 

3x37x1+0= 1110 

1'= 1 


4448S1 


4ueii 


4J1811 . 


4129230000 

3x3710x8+0= 890400 

8*= 64 


33040903712 


4130120464 


33040963712 
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The fourth root of a ^niunber^ or iilgebraic quanti^r, may be 
found by first extracting^ the square root^ and then the sqtnne 

root of that square root. Thus, X/256 = y V256 = VlG = 4. 

In the same manner, the sixth root may be found by extracting 
the cube root, and then the squai^e .root of that cub^ ^ooti . Thus, 

A 



• -'J •.<•*••.. '. 



61. The roots of algebraic quantities may be expr^Rc4 
by fractional indices* 

Square root of a* = a = a» ; the cube root of a® s= a^ sz a^* 

m 

In the same manner, tlie »th root dfa* =: rf*, fipom which it ap^ 
pears, that the roots of quantities are found by dividing the 
index of the quantity by the index of the root. Hence, square 

root of a or Va ;:=: a' ; cube root of a or 4a =r or \ cube root 
of ii' or Va^aja^ ; th? fifth root of a' or Va^a a^. In ,)ikp 
ynayiiyyr j the sqi^re root of 4+a; or Va'^j;:^.(a-i-d:) ; the cube 
root of (a+jr)* or V(tf-hP)* =(«+*)* *c- 

62. Any quantity raised to the power, whose index is 0, 
is equal to unity. 



For — = cT^y (No. 29.) ; now, if « = w, then a"*^ = aS 



and — will be the same as — , which is =: 1, because a quanti- 
ty divided by itself = unity ; hence a^ = 1. 



68. The powers and roots of quantities may be expressed 
by iiegaivoe indices. 

-T ;= a =« 9 but -5 = -5 



Thus, -^ ;::5 a~^ zzio^ , but ^ = -^, by rediKing' the frac- 



tion to its lowest terms, hence, -7 = a .. In the same man- 
ner, -f ss « ; -^= « ' ; -^ =5 « * Conversely, -^ = 
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1 1 it^ 1 

--ij, but -Y *^ «'* hence, a' = --3. In the same manner, 
oT^ Or tr^ 

1 ■• 1 

a 



a* = ti3» « = !:z=. Ac. 



64. From what is proved in the preceding number, it 
follows, that any quantity may be transferred from the nu- 
merator of a fraction into the denominator, or from the de- 
nominator into the numerator, by changing the dgn of its 
index.. 

if i 1 

Thus, -g5 = a' X Tj- =(sinoe p. = b^) a^lr^. In like man- 

65. A compound quantity, having a fractional index, 
may be expanded into an infinite series, by means of the 
Binomial Theorem. For it may be demonstrated, that the 
general formula stated in No. 60, is equally true, whether n 
be positive or negative, integral or fractional. 

The general formula may perhaps be most conveniently 
expressra in the following form : 



(«+&)*= rf»4-Pfl*— ^6+Qfl*— ^ft'+Ra^-'^+Sa"— *6H&c. 

Or, = a"(l +P- +Q-f 4. R-; 4. S-7+ &«.) when in both the 

coefficient PsR. 

n — 1 



QssP. 



R=:Q. 



2 
« — 2 

"IT- 



S = R. ""T"* *^* ** ^^^ appear evident from com- 

paring them with the coefficients of (a+b)% stated in the num- 
ber already allnded ta 

The first of these forms is most convenient when n is in- 
tegral and positive ; the second when n is fractional or ne- 
gative. 
' The application of the Binomial Theorem has already 
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been shown when n is a whole number ; let us now eadea- 
vour to apply it when n is fractional or negative. 

Ex. 1. Required the square root oi (a+6). That b^ required 
to raise {a+h) to the power whose index is -• 
First, To find the coefficients. 

HereP = i. 

2 

^ 1 i— 1 1 J— I 1 — i 1 1 1 

'^ — 2^ 2 —2^ 2 "B^ 2 ~"g^ 4i 8* 

1 



16'^ 4 "le*^ 4 ~16 4 ~I6^ 8 



128 



Hence, (a+4)* = a^ + J a— i 6 — i o— U* + ^ a— f i» — 

2 8 16 

5 7 

The negative indices of a may be renderod positive by 
transferring the quantity from the numerator to the de^ 
nominator of the fraction, (No. 64.) We shall then have, 

(fl+6)' = a' + — r z + T — 7 +&C 

2ai 8ai I6ai l2Sai 

If the second formula be used, which, in this instance, is 
preferable, 

(^+*)' = «'0 + 2a-8?+16^-128?+*^-> = 

^ <^ + j-8?+ r6?-iT8^ + ^"-^ 

This, with every such example, is evidently an infinUe 
series, since none of the factors which compose the coeffi- 
cients can ever become ±= Q. 

a 
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Ex. 2. Required the cube root of the square of (a^^^sfi). 

t 

This result will obviously be indicated by (a*— «*)' . 

The coefficients obtained^ as in the preceding example, will be, 
1**,P = |; 2rf,Q=— |;Srf,R = ~.; 4<A,S = _^, &c 

Hence,(a«-a:«)*= a^l-.3^-5^-^-^^-&c.) 

Leaving the coefficients out of consideration, the terms of 

(a« — ai'y would evidently be + and — alternately; be- 
cause a^ being a negative quantity, all its odd powers will 
be negative, and its even powers positive, (No. 48.) If, 
however, any of the coefficients of these positive terms 
should come out negative, then we shall have a positive 
qu^tity piultiplied by a negative ; and, consequently, 
(No. 22.) the product is negative, that is, the term will be- 

come negative. Thus^ the literal part -^ of the third term, 

in the above example, is naturally +» the coefficient of it, 

1 
however, comes out —g, and hence the term is -— • In 

short, if any coefficient, found as before, have the same sign 
as the term to which it belongs naturally has, that term 
will be pontive ; but if it have a different sign, the term 
will be negative. 

Ex. S* Expand j- into an infinite series. 

(or— y)* 

~ = aX(«-— ^) ' (No. 64?.) The coefficients are 



(«— J') 



1^2-, 14 « 85 T., , ._i 

1. 1^ 2^ 14 v* 35 y^ , ^ 1 ,, . 1£ . 
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From the preceding example^ it appears, that the Binomial 
Theorem may not only be employed in extracting imperfect 

roots, but also in finding quotients. Thus, j, evidently 

expresses the quotient of a divided by the cube root of (X'^v)^ 
If, by means of this theorem, the student find the quotients of a 
divided by a+x, and of a divided by a — x, or, whidi is the 

same thing, expand a(a-{-x)'"^,anda(a— •;p)'^^ into infinite 

series, he will find the results to agree with those stated on 
page 68, as found by actual division* 

The Binomial Theorem may be very conveniently em- 
ployed for extracting imperfect roots of numbers, more par- 
ticmarly when the number exceeds the complete poweTi 
whose root is to be extracted by a very little. 

Ex. Required the cube root of 29« 

&c.)==3(l+---:^+^f5gi32g-&c0=(rq 
fraction) 3(1 +.0240817) = 3.0722451 nearly. 

In all examples of this kind, when the second term of 
the binomial is small in comparison of the first, it is obvious 
that a few of the first terms of the expanded form will be 
sufficiently accurate for most purposes. 

EXAMPLES. 

Ex. 1. Convert (a^^xy into an infinite series. 

t 

Ex. 2. Convert (a^+«^ into an infinite series. 

Ex. $• Required the quotient of a* divided by the cube root 



a« 



of the square of 4i*+«*. That is, required to convert ^7 

(*«+^)* 
into an infinite series. 

• Ex.4. Convert and ^ into infinite series, and then 



add the two series together. 
Ex. 5. Required the cube root of &l, or of its eqidal 64+$. 
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SUKDS. 

' 66f The definition of a surd has ab'eady been given in 

ii<>. SS. The precise values of surd quantities cannot be 

aaoertained. They may, however, be determined to any 

degree of exactness less than perfect, by means of decimals 

or infinite series. 

In this sense, surds quantities are called irrational, to 

distinguish them from those, whether integral or fractional, 

whose values are determinate, and which are therefore 

called ratuyiial. Thus, a+x, 6, are rational quantities ; 

.1 '_ 
(a*)*«) ,' 4/i$y«Pe irrational. 

Surds, when properly reduced, are subject to the common 
elementary rules of Arithmetic and Algebra. 



ON THE REDUCTION OF SURDS. 

- }i. :• • • . ' 

Case I. 

-^ 6T. A rational quantity may be reduced to the Jbrm of a 
9wrd^ hy raising it to the power corresponding to the root qf 
itiejgiyen surd, and then prefixing t/ie radicS sign with the 
proper index. 

Ex. 1. Reduce 5 to the form of the square root. 
5 = */5^= V25. Ans. 

Ex. 2. Reduce •? to the form of the cube root. 

s '/¥ ' Vi7 ' - 

» , ■ V I • . • • . 

Ex. S; Reduce a+xto the form of the square root. 

a-(-jr=: V((i+Jr)* or to s/a^^2aa:+x^. 

- 1 - 

Ex. 4. Reduce da' to the^form of the cube root, 

8 



«(;^«y (s<|i Y 5= V^. . Ans- 
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Case II. 

68. Surd gucmtitieSf having different indices, may he re^ 
duced to other equivalent ones, having a common index^ by 
redvjAng t/ieir indices to a common denominator. 

Ex. 1. Reduce a^ and a' to quantities having the same radi- 
cal sigou 

The fractions - and -, when reduced to a common deno- 

2 S 

go 1 5 

minator^ are - and ^ respectively. Therefore, a^ zza^=z Ja^, 
o o 

and cr zziTzz V^; hence, Va^ and Va*i are the quantities re- 
quired. 

i 1 

Ex. 2, Reduce 2' and S' to quantities having the same radi- 
cal sign. 

The fractions - and - are = - and -. Therefore, 2* and S* 

9 % O t> 

496 6 \ 

are = 2^ and 3^, or to V2^ and Vs^ = (by actually involving the 



6 6 



quantities within the radical sign) Vi6 and V27a the quantities 
required. 

Ex. 3. Reduce, SV2 and 2«/5 to sards having the saoiejcadi- 
cal sign. 

3V2and2V5=zSX2%and2X5^=3X2^ and 2XS^ aft 

6 6 6 _ 6 

SV2*, and 2^5^ = 3^4, and 2Vl25, the quantities required. 



Case III. 

\ 

69* Surds admit of bemjg simpU/ted when the quxMiiy 
tmder the radical sign can be resolved into two factors, one 
of which is a complete power qfthe Jcind required. 

Ex. 1. V?6 = V?" X V6 = «V6. 



lOS ALGEBRA. 

Ex- 3. SfJax^---bx^ = sjx\a—h) = SVi? X Va— 6 =r 
Ex. 8. Vi47 = V49XS = Viy X Vs = 7^3. 

I 5 

Ex. 4. Reduce n/108 to its simplest form. Vl08 = 

V27 X 4i = V27 X V4 = S V*. 

The rational part of a surd (quantity maj be placed with- 
in the radical sign, by raising it to the power denoted by 
the index of the surd. 



Thus, aiJa = »Ja^ X ijazz »Ja*Xa = Vo^; 3^2 = in like 
manner to VI8; and 2*i/a^^xzz V4a-^4x^ &c. 



Case IV. 

70. If the quxvniiiiy under the radical sign be a Jraction, 
U may be reduced to the integral Jbrm^ by multiplying the 
numerator and denominator of' the Jraction by such a qjtian^ 
tity as ztnU render the denominator a complete power cor-- 
responding to the mdeop of the root. 



Ex. 1. aij - :=^ afj -^ ^ aij -t^^^ :=: ay,-^ 'Jbc =.- ^hc. 

• 

sVi 8'/ 2X3X8 sVIS sVl ^ ,. 
^ «• i'^ 8 =4'*^ 3X3X3 = 4^27=i'^f7^'* = 



3 35 15 

tX-Vi8 = 7Vi8- 



BXEBCISE8 OKT THE REDUCTION OF SURDS. 

5 

Ex. 1* Reduce 2 to the form of the cube root Ans. V8« 

Ex. 2, Reduce ^ to the form of the fourth rout. Aris. »J — 

Ex, 8, Reduce a" and 6* to surds of the same radical sign. 

Ans. V? and »JW. 



ADDITION AND SUBTBACTION OF SUBDS. 108 

Ex. 4. Reduce 2^ and 3* to surds of the same radical sign. 

Ans. Vl6 and V27* 
Ex. 5. Reduce a/aV to its simplest form. Ans. ahja. 

Ex. 6. Reduce 'l/cTb'^'^^ ^ i^ simplest form. Ans. o^V^ 



Ex. 7. Reduce 12v A to an equivalent quantity, having the 



8 



irrational part an integer. Ans. Sv6. 

Ex. 8. Reduce -V^ ^ ^^ equivalent quantity, having the 

h d 

quantity within the radical sign of the integral form. 



Ans* j-^ fjcd. 



ADDITION AND SUBTRACTION OP SURDS. 

71. Ify when surds are reduced to thevr simplest Jbrnif hy 
Case IIL, the irrational part be the same in hoth^ then their 
mm (yr difference zviU be equal to the sum or difference of 
their coefficients muU^lied by the common surd part* 

Ex. 1. Required the sum and difference of VsO and h/32* 

By Case III. Vio =: V25X2 = 5^2. 

And, V32 = a/16X2 = 4,m/I. _ 
Hence, the sum of a/50 and V32 r= 5V*¥ + 4^/ 2 i= 9^f 
and their difference = 5a/T— 4a/"2"= WTor simply >>f2. 

Ex. 2. Find the sum and difference of a v — *°^ ^v r^ 

Hence,thesum=-2-V4 + -;^V4= ( g + iy^ '^■"~4r '^^^ 

(a &\^,— 2a— 6',— 
g — ;j^ J V 4 = — ;jp- V 4. 
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» 5 

Ex. 7. Required the square of 3^ 4. An8.18 V 2. 

Ex. 8. Required the cube of 2V 5? Aug. i/DtJlsi 

5 6 

Ex. 9. Required the square root of 4a/ 2. Ans. 2 V*2l 

Ex. 10. Required the cube root of -—^ 7, Ans. — ^ 7. 

74. From what has been stated regarding the manafi^e.' 
ment of surd quantities, we can readily reduce a fraction 
which has a surd quantity in its denominator, to an equiva- 
lent fraction having a rational denominator. Thus, if both 

numerator and denominator of the fraction -7= be multi- 

V X 

plied by iJTy we obtain the equivalent fraction --^ " 



afJ^ 



, having a rational denominator. In the saipe man- 



X 

h h 



ner, if %, or r have its numerator and denomi- 



I 



nator both multiplied by (0+4?)^, it will become y^^^i 

In such examples, it is evident that the index of the multi- 
plier must just be such a fraction, lus that when added to 
the index of the given denominator, it shall produce the 
least possible whole number. 



EQUATIONS. 

76. When one algebraic quantity is connected with an- 
other by means of the sign of equality, (=), the whole ex- 
pression constitutes what is called an equation. Thus, 
a^+5 = c is an equation. In equations, as applied to the. 
solution of problems, the object is to discover the value of 
certain unknown quantities, from having their relation spe- 
cified or ^ven to such as are known. When the value of 
the 'unknown quantity is found in terms of those which are 

^ven, the equation is said to be solved. 

4 



76. If an e(]^uatioii contain only the first ipowet of the 
unknown <]|uantity, it is called a simple equation. Thus, 
Sx+a = b IS a simple equation. If it contain the second 
power of the unknown quantity, or the product of two un- 
known quantities, it is called a quadratic equation. Thus, 
a?+ &=c; xy'^a^zib are quaoratic equations. If it con- 
tain the third power of the unknown quantity, it is called a 
cubic equation. Or, in general, if it contain the nth power 
of the unknown quantity, it is said to be an equation of n 
dimensions. 

77. In solving an equation, the great object is to disen- 
gage the unknown quantity from the ^ven quantities with 
which it is combined, so as to make it stand on one side of 
the equation by itself, and thus determine its value. The 
disengagement of the unknown quantity, according to the 
particular manner of itiS combination, may be effected on 
one or more of the following axioms, or self-evident prin- 
ciples : 

Ax. 1. If, to equal quantities, equals be added, the wholes 
will be equal. 

Ax. 2. If, from equal quantities, equals be taken, the re» 
munders will be equal. 

Ax. 8. If equal quantities be multiplied by equals, the 
products will be equaL 

Ax. 4. If equal quantities be divided by equals, the quo- 
tients wiU be equal. 

Ax. 6. If two quantities be equal, any like powers or 
roots of them will also be equal. 

78. On the solution of simple equations containing mly 
one unknamt quanti^, 

Ex. 1. Let x+5 = 12. If 5 be taken from each, then (Ax. 2.) 
x+5 — 5 = 12 — 5; but 5 — 5 = 0, hence x = 12 — 5. 

Ex. 2. Let a? — 7 = 9. If 7 be added to each, then (Ax. 1.) 
a._7+7=:9+7; but— 7+7 = 0, hence ar=: 9+7. 

Ex. 3. Let Sx — 6 = 2ar+2. If 6 be added to each, then 
3x — 6+6 =: 2tf+2+6. Again, if 2x be subtracted from each, 
then Sar — 6+6 — 2ar = 2a:+2+6 — 2ar; but —6^6=0, and 
2a? — 2x also =0, hwice Sx — 2x = 2+6. 



On reviewing Ae three preceding eaumples, it appears^ 

Isij that x -f 5 = 12« b identical with - a? = 12— ^. 

2rf, - X — 7 = 9. - - - - ^^=9 + 7. 
SJ, - Sx — 6=2«+2, - - Sx — 2*=: 2 + 6. 

Hence it follows, that any quantity mcu^ be trans/erred 
Jrom one side of the eqtuxtion to the other by changing iis 
eign. 

In the first of the above examples, it is manifest that 
dr = 7; in the second d: = 16 ; and, in the third, 4? = 8. 

79* F'oiA the conclusion now drawn regarding the -tran». 
position of quantities, it readily follows, 1^, That, if the 
same quantity stand on both sides of the equation, with the 
same sign, it may be left out of both. Thus, if 9+ as: 
b+a, then x = b+a — a, or * = 6; and, 2d, That the signs 
of all the terms may be chang^* without, in any respect, 
changing the value of the unknown quantity. Thus, if 
a — a = 6 — Of then, by transpo»tion, * = a +6 — c. If the 
agns of all the terms be changed, then we shall have 
a^^a^c — 6 ; and hence, by transposing — jt to the right 
hand side of the equation, and c — 6 to the left, we find 
w^^c^h s ;r, where (he^ value of x is the same as before. 

80. If the unknown quantity has a . coefficient, it may be 
taken away by dividing both sides of the equation by it. 

• Ex. 1. Let S« = 12 ; then — = — , (Ax. 4.) ; but -^ sr «, 

3 3;. 3 

12 

and — s: 4 : hence, x -sz^ 
S 

£x. 2. Let 5ar+8 = Sjr-flG. Then> by transposition^ 5^— 
3a; = 16 '^ 8, or ^x = 8, and hence ar := .4. 
' Ex.3. Let 3«x + 6 = car+^- Then 3 a «r — cx:=.d — 6^ but 
Sax — cx=(3a — c)x, (No. 27.); hence, (3a — c)xz:id — ft, 
and, dividing both sides of the equation by Sa-^c, we have 

d—b 

* —3a — c' 

81. An equation may be cleared of fractions by multiply- 
ing each side qftlie equation by the denominators qfthejrac^ 
tions in su^ccession^ or by midtiplying each side by their lecbst 

common multiple, 

1 
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. BetoTB giving an example, it may be n^ceciaary to re- 
mark, that the product of a fractioDj^ multiplied bjr its de*. 

nomivtator) is equal to the numara(or« TbUft, let -r- be'4iny 

fraction, then "T-X J ='-r = ^« 

o ' o 

Ex. 1 » Let ~ = 4j ; then, by multiplying '• both by 2, we 
have j: = 8, (Ax. S.) 



Ex. 2. Let — + — =r 10. Then, if each side b^ multiplied 

by 2, we have « + — = 20. Again, let each «de be multiplied 

3 

by 3, and we have 3x + 2j:=:60i that is, 5x = 60, and hence 
df = — = 12. Or, multiplying by 6, the least common' mul* 

tipk of. 2 and 3, we have — + — = 6o, that is, 3a: + 2« = 60, 

2 3' 

whence, as before, j; = 12. 



. • «' • 



fljp Co; o*4"' 



Ex. 3. Let -y- + -7- = — ^. Then, multiplying by i, 
a jj -f- .__—._ — ^ — ; again, multiply by a, we have adx-Yocxisi 

u 3 

~ ; lastly, multiply by 3, we have Sadx+Sbcxsz 

^ . .'- ■ 

tt^bd 4- ftrfjf ; ncFW, by tranflposition, Sadx+ Sbcx — Waf ^: fl*W ; 
but 3a(ir+36cx — Warn (3aii+ 3^ — bd)x, (No. 27.;) hence, 
(Sad-^^^c — bd)x = a*6rf, and, dividing both sides of the equa« 

cfibd 
tion-by 3«d+ 36c - bd, we have * = g^^^g^^^^^ - 

88. J/^ ^&^ f^nftnottfn qudntityj in any equation^ be in the 
Jbrm ^ a surd^ it may be redticed to me ^tait(mcd ^orm.bff 
transposing the terms^ so that this surd qiuiniity may stand 
on one sidi^qfthe equatum^ and the xj^tifxiining termsr on the 
other ^ and iheti involving both sides to sugh a power as cor» 
responds with the index of the iurd. ' - — " a. .... . 

* ^x; li Let Vi+8 tif-ti; ' "^en/'-by tifahisposttion,' ^/at^ 
8 — Szz 5, now, by squaring both, we have x^25, (Ax. 5.) 
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Ex.2. Let V«+2 = 7. By squaring, we havear-|-2=:49> 
and hence x = 49 — 2 = 47. 



Ex. S. Let Sfja+x — « & r=c. By transposing, 3Va4-ar =? 
6+c. Dividing both by 3, we have tja+xzz -^ f squaring 

both, a+« = ^ ' ^ , and hence, by transposing,^ = ^-~^ —a. 

2^ *f 



EXAMPLES. 

Of simple eqaatuma containinff (mly one unknown quam^hf. 

Required the values ofx in the following equations: 

Ex. 1 . Given ar + S = 10. Ans. x = 7. 

Ex.2. Given*— a +c = 6. Ans. xz=a + b—c. 

Ex. 3. Given Sar + 5 = 2aj + 14. Ans. xzzzQ, 

Ex. 4. Given 7x — 8 =z2x + 12. Ans. ar = 4. 

Ex. 5. Given 1 la? — 15 = 7« + 5. Ans. x=z5. 

Ex.6. Given 12ar+ 16 = 4ar + 22. Ans.a;=|. 

Ex.7. Given9ar4-4 = Sar+18. Ans. « = 2^. 

Ex.8. Given -^ + -~_-|.= 11. Ans. « = 12. 

■c^/-.- Sa:4-4 22.-»ar 

Ex.9. Given— J- + 2a: = —^- + 16. Ans. a? = 7. 

Ex. 10. Given x - ^fL+1 = ?+J. Ans. * = IS. 

Ex.11. Given Z£=:i + !^t£ = 3*_2iZZf - 

Ans. a? = 9. 
Ex.12. Given?^±f_5 = -^. Ans. ;p = ??[=:?. 

XX 4 

Ex.13. Given 4ar + -^ — ?^~.^ll±2f- 7a?_SS — 

^10 16 9 — Tar— 35 — 

94-5ar lla?— 17 

— Jq~ ~ g • Ans. X = 15. 

Ex. 14. Given Vjp — 7 = 2. Ans. ar = 81. 

Ex. 15. Given 3V2a: + 4 =: 12. Ans. « = 6. 

Ex.16. Given ^l+W«*+12 ssl+ar. Ans.« = 2. 
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On the Solution of Simple Equations containing Two or 

more unknown Qucmtitiee. 

83. For the solution of equations containing two or more 
unknown quantities, as many independent equations are re- 
quired as there are imknown quantities. 

There are three general methods by which the solution 
of equations of this kind may be effected. 

84. Method ist, In the case of two unknown qaantities, 
multiply the terms of the first equation hy the coefficient of 
one of the unknown quantities in the second^ and the terms 
of the second eqiuUion by the coefficient of the same unknown 
quantity in the first ; mbtrat^ or add these resulting equa^ 
iionSf according as the signs of this unknown quantity in tha 
two cases are the same or different^ there wiU, from this pro- 
cessy arise an equation containing only one unknown qua$^ 
tityf whose vame may be deterrnvned by the rules already 
stated, 

Ex. 1. Given 3a:+2y = 21 and 2a?+3^= 19, to find the 
values of rand j(. , 

(>^) So: 4^^ = 21 

Multiply equation A by 2. Then 6x + 4ttf^ ii^ 

BhyS. - 6x + 9y = 57 

Subtract the upper from the lower. Then 5y = 15 

15 
Hence, y = ~=: 3. 

Now, from equation A, we have So: = 21 — 2y, and, conse- 
quently, x = ^i-^^. In place of y, substitute its viaue (8) 

already found, and we shall havex= — g— 7 =y= ^"^ Hence^ 
the values of « and y are 5 and 3 respectively. 

Ex.2. Given 5* + 2^ = 34, and 3y— 2jc = 13, to find the 
values of « and ^. 
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(A) 5x+ %= 34 

(B) — 2ar + 8y= IS 

Miiltiplyitig (^) by le, and 7 10:f + 4J^22 6j 
{B) by 5, webave j -^ 10* 4- 15y = 65 

Hence^ by addition, - 19^ = 133 

ISS 
And, thewfore, ^ a;:: — g- B» 7* 

From equation (A) x = — -z—^ = (^ bemg :- 7) -— =z 

20 

85i. Method 2d, Find a valuer in each equation^ of one gf 
the unknown quantities in terms of the other and known 
quantities. These two "oalues of the same unknowth quantiigf 
being stated as equals wiUJbrm an equation contaming only, 
one unknown qumtity^ whose value may be determined as be^ 
Jhte, .•-■;■•' 

Ex. 1. Given 2j? — 3y = 2^ Mid 5*+^ = 5&, to find the 
values of x and y . 

f^) 2ir — 3j^ = 2 ; from A (No, 80.) x as -^^• 

(JB^bx-^^y-b^i - B . 0: = — y^. 

Henee> -^-^ .= ' v ■ « Or, by clearing away the frac- 
tions, (No. 81-) 10 + 15^ = 112— 2y; 15y + % = 112 — 10, 

102 
that is, 17y = 102, and, therefore, y = — =z 6. 

2 + Sj^ 2 + l8_20_ 

4dP — 3y 2a: — v ar + « , 3a?+2y , 
£x. 2. Given — — t— — — 5. — = —5- -*1, and — 7 1- 



4 



?y~.? 3S ?^i2 + 3i^ to findthe talttes of « and y. 
2 * 



__3y ^x-^y xJ^y ^ ^--2. 



4x 



(J5) 
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Hence, *^ — = — ;- , from which we have ^ = 4. Now, 



5»— 2 12—2 10 , 

" 2 - 2 -2-^* 



TO. Method da, In mher equation, Jind a vahie of one 
ofthetmhnawn quantities, in terms of the other and known 
^pumtities ; substitute this value Jiyr the wnknawn quantity 
m the second equation, there wiU thence arise am equation 
containing onfy one unknown quantity, the value ^ which 
may be determined as befbreJ^ 

Ex. 1. Given 5a? + 3y = 50, and 3«— 2^ = 11, to find the 
values of x and y. 

{A) 5x + Sy=z 50. 
(B) 5ar— 2^=11. 

50-«*Sv 
• From A,x=: — j— ^. Now, by substituting this value for 

jr in J?, we have, 3 X ~^^2y = 11 , or, by multiplication, 

150— gy—lQy = 55, whence we have ^=5; hence x = 
50 — 3y _ 50—15 _ 35 _ 



5 5 5 

Ex. 2. Given Soar-— 2ay=:6, and 2ax + ay:::zc, to find the 
values of « andy. 

(A) 3ax''^2ay:rzb. 
(B)2ax+ ay=:c. 

From A, xzs --^"^* Now, by subslitutiiig tUs value for 

a; in B, we have 2a X ^a "^^^ ^ ^' ^' ^^ mnltiplfca- 
tion, 2ab + ^^y + Sa^y = Sac, that is, 2a6 + 1a?y == Sac ; whence 
^= 7a» = "^T" «^<«' * = ^-^ = (by substi. 

tutinff the value of v) — = — . Z_. — 

^ ^^ Sa Sa "" 

76 + 6C — 4A _ S^ + 6c _ 6 + 2c 

21a — 21a •" 7a ' 

H 
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87 • The application of the preceding methods will en- 
able us to solve equations contuning tiiree or more un« 
known quantities* as will readily appear from an example. 

Ex. Given j? + 2y + 32=:20> 2x + Sy — 2 = 22; and 3« + 
y 4 2« = 26) to find the values oix,y and z. 

(A) « 4- 2y + 32 = SO 

(B) S«4.^— 2=s22 
(C)8jr+ y + 2« = 26 

Multiply ^^ by 2 ; then^ 2« + 4y + 62 =r 40 (D) 
Subtiact B, - 2ar 4 ^ — 2 = 22 

y + 72= 18(D) 

Multiply A by 3; then^ 3jr 4 6y 492 = 60 
Subtract C, - 3a; 4 y 422 = 26 

■ 5y 472 = 34 (£). 

Hence the given equations are reduced to the two. 

^4 72= 18(D) 
by+ 72 = 34 (JE:) 

Multiply D by 5 ; then^ 5^ 4 SSz rr 90 
Subtract E, - 5^ 4 72 = 34 

282=56 

u ' 56 ^ 

Hence^ - z = ~ = 2. 

N0W9 from equation D, ^=18 — 72= (by substituting 2, 
the value of 2) 18-^ 14 = 4. Again^ from equation A, x=z 
20 — 2y-«32= (by substitution; 20 — 8 — 6 = 20—14 = 6. 
Hence the values of x> y, and z, are 6, 4 and 2 respectively. 

In a dmilar manner may any equations be solved, what- 
ever be the number of unknown quantities they contain, 
provided there be always as many independent equations, 
as there are unknown quantities. 

exampl'es. 

QfEquaHons cofUainingtwo or more unknown Quantities. 

Required the values qfx and j in the following equations : 

Ex. 1. Given 5x+y = 23^ and 3x 4 2^ z: 18. 

Ans. 4; =: 4 and ^ = 3. 
Ex. 2. Given 3x + 2y=: 54> and 4ar -<• 3y = 21 . 

Ans. 47= 12,^= 9. 
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Ex. 3. GivoiSdP-fSysYf and5« + 4^s4• 
Ek.4. Given ^^±^ = ^,and?i±^ = y-f. 

Ana. x=:Bsjf=z6, 
Ex.5. Given ?f=5^+^J^ = |_?i^^ 

g+y— 4? _.| +.2 +. 1. Ans. «= 10, y = 8. 

18 5 ^ 4 ^ 

Ex. 6. Given s-r — =: - — ; — , and ax + 2bvz=:c. 

b+y 3a + X ^ 

Ang.ar= g3 ,y = gj 

Required ike values qfx, j, and Xj in thefMonfing equatioHs: 

Ex. 7. Given 3a; + 2y + z =: 25, 5x — y -f- Ss =: 27^ and 
2v— Sy .f 5x=:lS. Ans. j; = 5,y = 4, and 2=2. 

Ex. 8. Given «+y+x = 2y + 5, 2«— Sy+.2»=«-— y— 2, 
and Sx + 2y — 2« = 40 + « + 7. 

Ans. d? = 12, y = 10, and 2 = 3. 

On ^ appUcoition of Simple Eqmtions to the Solution of 

PrMeme. 

88. Having represented the unknown quantity, or that 
whose value is to he determined, by one of the final letters 
of the alphabet, translate the conditions of the ^ven prob- 
lem into the language of algebra ; there will thence arise an 
equation, from which the value of the unknown quantity 
may be readily determined. 

Ex. 1. Divide L.400 among three persons. A, B, and C, so 
that A may have twice as much as B, and B diree times as 
much as C. 

Let X = C's share ; then, since B is to have three times as 
much, his share will be = Sx ; again, because A is to have 
twice as much as B, and B's share is =: Sx^ therefore A's ^ 64?. 
Now, the sum of their shares is = 400 L. 

Hence or + So: + 6a: = 400. 

That iS; - lOx = 400. 

400 
And X s= y-- = 40 = C's share. 
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Now, d«s8K4O?siSOsB'0 ahMtt/aai ftvxi 6X40is 
240=:= A's. Hence, 240j 120, and 40, are the shares of A, B, 
and C req>ectivel7. 

Ex. 2. Wbatnumber is tiiat whose i part'e»:eeds its \ part 
by 14. 

Let or s nnmt)^ required. 

Then - = its third part, and 7 = ^5 foiirth part. 

And | — J = 14. (By Quest.) 

Multiply by 3 ; then, x — -7- s 42. 

m 4, - 4«—- S«=l68. 

That is, » == 168, the number required. 

Bz. S. A post is |d in tibe eartii, f tfas in the water, and 6 ftet 
above the water, what is its whole length i 

Let a ss length of de post 
Then - == part in the earth. 

And — =: part in the water. 

8 = part of it above the water. 

Hence, «=- + —•+ 8. 
o 

Multiply by 3, then, Sxss 4; + -j + ^4. 

5, . - 15x =:5x + 6s+ 120. 
15dP— 5jp — 6«= 1^0. 
That is, 4«=: 120. 

120 
And hence x s •— :== 30 feet the length of the post 

Ex. 4. Divide the number 42 into two such, that the greater 
being divided by 5, and the less by 6, the quotients may to- 
gether amount to 8* 

Let X z=: greater part. 
Then 42 -— x = less 

And - + ^— = 8. (By Quest.) 
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9 + g = 40. 

fo + 210 — 5a? = 240. 
X s 240 — 210 = 30, the greater part. 
Hence^ 42 .— • 30 = 12, the less 

Ex. 5. A composition of copper and tin, containing 100 
cubic inches^ weired 505 ounces^ how many ounces of each 
metal did it contain^ supposing a cubic inch of copper to weigh 
5\ ounces^ and a cubic inch of tin, 4J ounces ? 

Let X = number of cubic inches of copper. 
Then, 100 — j:= - - tin, 

arX5| = i7X — = — :- = weight of the copper. 

4 4 

And (100-_*)4i = (100— «) X~ =i2[22pl2f a- weight 
of the tin. 
Hence, gjf ^ ^700— 17* _ ^^ (By die Quest) 

21j + 1700— 17ar = 2020. 
4j:= 2020— 1700 = 320. 

320 
x=: — - = 80, the cubic inches of copper. 

And 100 — 80 = 20, - - tin. 

Hence^ 80 X 5| = 420, the ounces of copper. 
And20X4| = 85, - - tin. 

Ex. 6. A merchant has two kinds of tea, one worth 6s. per 
lb., and the other 7s. 6d. per lb. How many lbs. of each must 
he take to form a chest of 65 lbs., which shfOl be worth L. 21 f 

Let X = lbs. at 6s. 
Then, 65 — or = - 7fl. 6d. 

d? X 6 = 6x = value of the 6fl. kind. 

And (65— x) 7i = (65 — ar) ^ _ ^75 — 15» _ ^^^^ ^^ ^^ 

7s. 6d. kind. 

Now, the value of the whole = L. 21 = 4206. 

^ 975 — 15j: ^^^ 
H«Bce, 6* + 2~-3 == 420. 

12x + 975 — 15x = 840. 
~3«= 840 ^975= — 135. 
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Or, (No. 79.) Sa = 135. 

135 
And X =r -^ = 45 s lbs. at 68. 

And hence, 65 — 4!5^^ = lbs. at 7s. 6d. 

Ex. 7- There are two numbers such, that J the firsts plus | a£ 
the second, is equal to the second ; and if^ from | of tne mst^ 
there be taken \ of the second, the remainder is equal to 8. 
What are the numbers ? 

Let X = first, and y = second. 

Then,|+f = 5(. 

^ (By the Quest.) 

And,f-|==8. 

l^rom tbe first equation «=g> a°d from the second, « = 

Hence, f = l^tiSt. 

12y = 193 + 4y- 
8y = 192 

y=l|H=: 24. the second. 

And, hence, j? = -J^ = — = 32, the first. 

Ex. 8. There is a certain fraction such, that if 1 be taken 
from its numerator, it will become } ; but if taken from the de- 
ncxninator, it will become |. What is the fraction ? 

Let X = its numerator, and ^ s: its denominator. 
Then, - =r fraction sought. 




(By the Quest.) 

y 

From the first equation or = ^ + 1> ^^^ ^^om the second. 
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Hence, ^^=1+1. 

^—1=1^ + 2. 

Sy— 3 = 2y + 6. 

^—- 2y = 6 + 3. 

That isy y = 9 the denominator. 

And, hence, x =: ^^^ = -—-• = - = 4, the numerator, ITie 

4 
fraction sought is therefore -. 

2^ 



fiX&RClSEd. 

£x. 1. It is required to divide the number 24 into two 
such parts, that twice the greater may exceed three times 
the less by 8. Ans. 15 and 9. 

Ex. 8. What number is that, from which, if 9 be sub- 
tracted, fths of the remainder shall be 27. Ans. 45. 

Ex. 3. A person, at the time he was married, was three 
times as old as his wife, but after th^ had lived together 
80 years, he was only twice as old. What were their ages 
on uieir wedding-day ? 

Ans. Bridegroom^s 60, and Bride's 20. 

Ex. 4. A cistern is filled in 20 mii^utes by 8 pipes; 
one of which conveys 10 gallons more, and the other 5 gal- 
Ions less than the third per minute. The cbtem holds 820 
gallons. How much flows through each pipe per minute? 

Ans. 22, 7, and 12 gallons. 

Ex. 5. If a cistern of 820 gallons be filled in 20 minutes 
by two spouts running svccessivehfy the one running 45 gal- 
lons, and the other 29 gallons per minute. How many mi- 
nutes does each spout run ? 

Ans. 45 gallon-spout runs 15 minutes. 
29 gallon-spout runs 5 minutes. 

Ex. 6. A besieged garrison had such a quantity of bread, 
as would« if dbtnbut^ to each at 10 ounces a-^ay, last 6 
weeks; but having lost 1200 men in a sally, the governor 
was enabled to increase the allowance to 12 ounces per day 



180 ALeSBBA. 

for 8 weeks. Required the number of men at first in the 
garrison. Ans. 3200. 

Ex. 7. A gamester lost in the first game ^th part, and in 
the second ^^^th part of the money be had about him, but 
won in the third game |d part of it back. He counted his 
money, and found that he had won L. 3. How much had 
he about him at first ? Ans. L. 45. 

£x. 8. A wine merchant has two kinds of wine, the one 
worth 8s. per quart, the other Is. 8d. He wishes to mix 
both wines together in such quantities, that he may have 50 
quarts worth 2s. 6d. per quart. How many quarts of 
each sort must he take ? 

Ans. 31 1 quarts of the best, and 18| of the other. 

Ex. 9. As A and fi were going to school, A first shot an 
arrow in the direction in which they were going, which B 
took up and shot forward, and so on alternately, till the 
arrow had passed exactly from one mile-stone to another ; 
when it appeared that A had shot the arrow 8 times, and 
B 7 times. Some time afterwards, A and B were on the 
opposite banks of a river, the breadth of which they wished 
to ascertain. A first shot the arrow across the river, and it 
flew 13 yards beyond the bank on which B stood. B then 
took it up, and from the place where it had fallen, shot it 
back across the river ; it now fell 9f yards beyond the bank 
on which A stood. Required the breadth of the river. 

Ans. 100 yards. 

Ex. 10. lliere is a cert£un fraction such, that if its nu- 
merator be increased 'b^ 1, and its denominator by 3, it 
will become | ; but if its numerator be diminished by S, 
and its denominator increased by 1, it will become |. What 
is the fraction. Ans. §. 

Ex. 11. There is a certain number, consisting of two 
places of figures, which is equal to seven times the sum of 
its digits; and if, from the number itself, you subtract 
18, the digits wDl be inverted. What is the number? 

Ans. 4S. 

£x. 12. It is required to find three numbers 9uafa» tiiat 
the first, with i the sum of the second ^and tfaiiod, sbdl be 
equ^il to 60: the second, miti^^B half the diffisceace of the 
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first and third, shall be equal to 88 ; and | of the sum of 
the three numbers equal te the third mifim^ 1. 

Ana, 40, 36, and S4. 



QUADRATIC EQUATIONS. 

89. The definition of a quadratic equation has been 
^Ir^y stated in No. 76. 

Quadratic equations are oS. two kinds, Ptwe ^nd JdfbcteiL 
A pure quadratic is that which contains only the 8quar(9 of 
the unknown quantity. Thus, /r' = 49 ; ar+7 = 43, &c. 
are pure quadratics. An adfected quadratic is that which 
contains both the first and second power of the unknown 
quantity. Thus, ai^+aw=zb; a^ — 6j?=16, &c. are ad- 
fected quadratics. 

On the Solution of Pure Quadratic Equations. 

90. For the solution of pure quadratics, the following 
rule may be given : Transpose the terms of the equation in 
such a manner 9 that those which contain x^ may stand on one 
side of the equation^ and the Tcruyimi quantities on the other; 
dixnde by the coefficient qf%\ if U have one, then eoctracl the 
square root of both sides of the equaiiony and the result ztnU 
give the value qfx. 

Ex. 1. Given j:^ + 11 = 20, to find the value of or. 

« 

0:2+11 = 20. 

or* = 20 — J^l = 9; (Transp.) 
And hence, ar=±V9=dz3.* 

Ex. 2. Given 5a:^ + 7 = So? + 39, to find the value of or. 

5x^ + 1=230!^ + 39. 
5«« _ So:* = 39 — 7. (Transp. J 
That is, 2x^ = 32. 

ar« = f=16. 
And hence, x = zt VI6 = it 4. 



* !rhe dgns ± prefixed, jindicate that the value of a; is eitlier 4. 3 

or •^ 3. That this is the case, in every such instance, is manifest fiiom 
th^ /Consideration, that the square root of a positive quantity is either 
+ ^r— . Thus, +3 X + 3= + 9,and — 3 X — 3, also = + 9. 
Hence it follows, tjhat the unknown quantity in every quadratic equa- 
tion wis have two values. 
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Ex. S. Given (ufl+bz^e, to find the value o£x. 



/c—b 



And hence. 

When the value of the square of the unknown quantity 
is not a complete power, the value of the simple quantity can 
only be obtamed by approximation. 

5x^ 
Ex. 4, Given -r- — 7 = «* + 25, to find the value of «. 

^ — 7 = «« + 25. 
3 

5«* — 5j;« = 75 + 21 = 96. 

«*= 48^ 
Hence^ x = a/48 = it 6.928. 



EXERCISES. 

Ex. 1. Given 7** — 12 = 5»* + 20 to find x. Ans. « = 4. 

Ex. 2. Given 1 = «* — S to find x. Ans. « =s 6. 

3 4 

Ex. 5, Given -7- + -r = ^* — «*, to find «. 

6 a 



Ans. xsz/^ . 



a^bd 



ad+bc+bd 

111 21 

Ex. 4. Given - + - = r;, and — = ;:» to find x and v. 

a? ^ 2^ a^ 9 "^^ 

Ans. -I o ^« #? 
1^^ = S or o. 



On the SdkMon of Adfected QuadraOc EquaHons. 

91 • Since the square of a binomial is equal to the squares 
of its two terms, together vrith twice their product, (p. 8%,) 
it follows, that if uie square of either of the terms, and 
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twice the product of the two, be ^ven, the other, or its 
square, may be found. For it is manifest, that the coeffi- 
cient, or quantity which multiplies the ^ven term in twice 
the product, is equal to twice the other term; and hence 
the half oi this coefficient will be the other term itself. 
Thus, if ai^+Bx be the square of the first term, and twice 
the product of the two terms of a binomial, then the other 

8 
term will be equal to 5 = 4, and hence its square = 16. 

The complete square, therefore, of the binomial ^+4 is = 
a^+Sx+16. In the same manner may the square be com- 
pleted in every instance. 

This process of adding the third term to the two first 
terms of the square of a binomial is very appropriately call- 
ed completing the squovrCy and is of the most essential ser- 
vice in the solution of adfected quadratics. 

9S. From what is stated in the preceding number, we are 
furnished ¥rith the following rule for the solution of ad- 
fected quadratics. 

Arrange the terms, containing the tmknown quantih/y an, 
one side of the equa^imy beginmng with thcst involving the 
highest jpower, and transpose all the Jcnown quantities to the 
omer side. Then, if that term containing tne hijshest pewer 
qf the wfhkmwn quani^yj has any coefficient, e^er positive 
or negative, let aU the terms be divided by it. ^If now the 
square of half the coefficient of the second term be added to 
both sides of the equation, that side which involves the un- 
Tcnawn quantity will become a complete square. Lastly, em- 
ir act me square root of both sides of the equation, and a 
simple equation zritt be obtained, from which the values of 
the unknown quantity may be easthf determined. 



EXAHPLBS. 

Ex. 1. Given afl + 8xz=^S,to find the values of x. 

Comp. square^ o^ + 8x -f 16 s= 48 + 16 = 64. 

Ext, root, « + 4 =: ±: A/6i = ±8. 
Hence by transp. x=: Hr 8 — 4 = 4 or — 12. 
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Ex. 9. Giveii«^«^6ff + 7=3Sa,tofindthevahi^o£a;. 

Transp. m*-^6x=^9$ — 7 ==: 16. 
Comp. tqnare, ^ — fkt + 9^ 16 + 9s 25. 

Ext. root, «-^3 = it a/25 = zfc 5. 
'I^'r^sp. 4?ss ±5 + 3=8or — 2. 

Ex. 3* Given o^ -f- a^ s: 6» to find the values of x • 

«* + fl* = ^» 

Cowp, squftrei ar + w + -^^0+ -^ — j~. 

Ext root, .+^=, ztyiSZ= dri^SI^ 

Tranap. x = ^^g+^' ^ ^ = drV^Ml^^, 

3 -^ 5e 

Ex. 4. Given 3;r^ -f- 12a; ~- )5 = 165, to find the values <tf jr. 

3«^+ iaa7r**l&3al6^ 
Transp. Sai^ + IZx == 165 + i5^ 190. 
Divide by 3, a:* + 4« = 60. 
Comp. square^ a^ + 4fS + 4f=: 64. 

Ext root, ar + 2:5: ±A/64=db8. 
Tr«P3p. «is ±8— 2=s6or~10. 

Bx-5* aivea^_-| + 9J»^ — 8«+U, to find th(^ 



values of a;. 



2a:' 8x S«* 

— — -- 4- 9 J = — — 2ir 4- 71^. 



Th0 equation most first be deaved of firactioiisL^ wfaieh maj he 
done by multiplying by 12> the least oommoa muUipIie of the 
denominators 3, 2^ and 4> we shall then have Sa^ — 18a? + 114 rr 
9«* — 24a?+87. 

Transp. Sx^-^Ssf-^ iBc + 24ar = 87—114* 
That is, — a^ + 6xz= — 27 ; and, by changing the signs of 
all the terms, ff* — 60?=: 2?. 

Comp. square, x^ — 6x +. 9 == 27 + 9^= 36. 

Ext root, a; — 8=±:V36=it6. 
Transp. a?:;=it6 + S5=9 or— 3. 
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Ex. 6. Given Sx^ + 2« = I6l, to find the values of «. 

Sa* + 2« = 161. 
Divide by S, «* + -^ = -— . The coefficient of « in this 

example is f > the half of which is ^, and, therefore^ its square 

1 TT -1 . 2« , 1 161 , 1 _ 488 . 1 484 

*• Hence,^ + - + g=-45*-^.+ 5==-- 



Ext root, « + I = zty*?* = it y. 



^ ^,22 1 21 . 23 ^ 23 

Transp* x sz liz -*— — tr te -rr* or — — •= 7» or — — • 

Ex. 7. Given j:* — iS^r + 45 =s 10^ to find the values of «. 

aj«_lS^ + 45=:lO. 
Transp. a?2— 12* = 10 — 45 3= — 35. 
Comp. square^ x^ — 12^: + 36 =: 36 — 35 = 1. 

Ext root, a?— 6=i±:Vl =:i:l.' 
And hence, «=:±l + 6at7o*5. 

In this example^ both values of jt are positive. This 
will always be the case when the coefficient of x is greater 
than X itself, and is, at the same time, negative. 

98. All equations containing two different powers of Wf 
may be solved in the same manner, provided the index of 
X in the one Mna be tke double of Uiat in the other. 

fix. 8. CKven x^ — 3j;^ = 4, to And the values of «. 

««..3«'e:4. 
Comp. square, «*-Jte» + 1 = 4 +? =?J. 

Ext. root, «*— - = V ^ ^ 5' (rejecting the n^. value.) 

r^ •5.38'. 

Transp. ««=:j + g=g=5 4. 
Ext root, x:=L »J ^ =2. 
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Ex. 9. Given a^ + bai^ = a« to find the value of x. 

m 

X* + bsfi = a. 
Comp. squarei «* + &«■ +-— — a j. -^— , — J-— , 

Ext root, «' +1 = y^+? ^ 5^S!E. 



Extthemthroot,** = ^^^g + y — y 

«. 

Squaring both, ;p = /V4a + 6< — ftV 

Ex. 10. Giv^n « — SV jp = 3, to find the value of x. 

Comp. square, «— * 2 W +^ = 3 + 1 = 4. 

Ext «*— 1 =VT = 2. 

Tranqp.*' = 2 -f. 1 = S. 
Squaring a? = 9- 



EXERCISES. 

'^^r^ the positive values qfx tn thejblkmng equations : 

Ex. 1. Given ar< + lOr = 24. Ans. « = 2. 

Ex. 2. Given jp* — 4gEr + 7 = 12* Ans. a? = 5. 

Ex. 3. Given 2a?« + 6ar — 11 = 129- Ans. « — 7. 
Ex. 4. Given 5a^ + 3ar = 2«* + 11a: + 128. Ans. a: = 8. 

Ex. 5. Given — ■ + 5a: =s «■ + « + 12. Ans. « = 6. 

3 

5 « 

Ex. 6. Given — — + - =s 2|. Ans. x = 10. 

Ex. 7. Given — 7-1 H — ^— = 2^g. Ans. « = 3. 

•c -f- 1 a? 1 

3a? .Cr— 1 

Ex. 8. Given ^-Tg — -^ = « — 9. Ans. x = 10. 
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£ab9. Given dp* — 21ar+ 183 = 75. Ans. « =: 9 or 18. 

Ex. 10. Given 4«* + «* = 89. Ans. jr=729, or f^^ ' 

Ex. 11. Given a** + a?^ = ft. Ans. j? = V4aft + I— 1 

2a 

Ex. 12. Given x+2+ *Jx'+2 = |2. Ana. or = 7. 



On ^J^ oppKco^ion g^ Quadratic Equations to the Solution 

qfProUems. 

94. Let the conditions of the ^ven problem be first 
translated into the language of Algebra, as in Simple Equa- 
tions ; there will thence arise an equation from which the 
value of the unknown quantity may be easily determined, 
by the rule stated in No. 92. 

In some instances, both values of the unknown quantity 
will answer the conditions of the prcmosed problem, in 
others only one, as will readily appear mm the nature of 
the probleiQ itself. 

Ex. 1. It is required to divide the number 18 into two such 
parts that their product may be 56. 

Let X =: the one part. 
Then 18 — « = the other. 

And (18— •ap)dP = 18dr — a? = product of the two parts. 
Hence 18« — «* = 56, (by Quest.;) or changing the signs, 
a^ — 18* = — 56. 

Comp. square, 0^— '180; 4- 81 = — 56 + 81 =25. 

Ext root, X— 9 = ± V25 = ± 5. 

Transp. xzuziz ^ + 9=^^ ^^^* where it appears that the 
two values of « are just the two parts into which Uie given num- 
ber was required to be divided. 

Ex. 2* The difference of two numbers is 5, and | of their 
product is equal to four times the less number plus 20. Re- 
quired the numbers^ 

Let X = less number. 
Then x + 5 = greater. 

And|of(« + S)« = |of(a*+&r) = ^-^| =|of their 

2a* -I- IOjt ,n ^ ^ 

product. Hence, -s = 4a? + 20, (by Quest.) 
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Multiply by 3, 2x* 4. iav = 12i; + 60. 
Trani^. 2jp* + lOdP ^ 12« = 60. 
That is; 2«* — 2« c= 60. 
Divide by 2, sf — « = SO. 

Coinp» square, «* — a? -j- - cs SO + j =-t-« 
Ext root. ,-i=y!|i=^. 

Transp. *=: — + -= y = 6 the less. 
Hence, j!-|.5=:6 + 5 = llthe greater. 

Ex. S. The product of two numbers is 60, and if 5 be sub- 
tracted firom the greater, and 2 added to the less, the product of 
the sum and remainder will also be 60. Required the numbers. 

Let X = the greater. 



(60 
— + 2) = 60. 



That is, ^-5i=l^ + 2— . 10 = 60. 



Multiply by or, then 60 a? — SOO + 2i;* — - \0x = 60dP. 

And, by cancelling the 60ar, since it appears on both sides 
with the same sign, we have, 

~dOO + 2«*~ IO4; ss 0. 
Transp. 2«* — 10c = SOO. 
Dividing «* — 5j? = 150. 

25 ^ 25 625 

Comp. square, «» — 5« + — =r 150 + -7- = — . 

Ext. root, * "~ g = V ^-T- ^ "o"* 

25 5 SO 
Transp. j= Y + g = Y= 15, the greater. 

,, 60 60 

Hence, — = -rr = 4, the less number. 

•IT 10 

Ex. 4. A mirror, 24 inches by 18, is to be so framed, that the 
area of the front of the frame may be J of that of the mirror. 
Required its breadth. 



I 
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Let X =2 breadth. 

Then 24< + 2ir = length of the frame. 

And (24 -|- 2x)x =z 24a -f- 2x* = area of one of the side 
pieces. Now^ since there are two of them, (24« + 2x^)2 r= 
A8x -(• 40^* = area of the two side pieces, 18x = area of one of 
the end pieces, and ISxx^s ^6x = area of the two end pieces. 

Henc^ 48« + '^ + 36x = 4a;^ «|- 84« =: area of the whole 
frame* 

Now, 4«*+84«:t: - of 432, (the area of the mirror.) 

o 

That is, ^+S4fxzz 2S6. 
Or, x* + 21ar=72. 

Comp. sq., jr + 21x + — - = 72 + -^ = -7-. 






4 

27 21 6 

Hence, dr= — = -=3 inches, the breadth of the frame. 

'222 

Ex. 5. A and B set off at the same time to a place at the 
distance of 300 miles. A travels at the rate of one mile an hour 
&ster than B, and arrives at his journey's end ten hours before 
him. What were their respective rates of travelling i 

Let X == A's rate of travelling per hoar. 
Then, x — 1 = B's 

300 

— = time taken on the journey by A. 

X 

300_ ^ p 

or— 1 

Hence, — + 10 = , (by the Quest.) 

X 4P— - 1 J! 

SOOx 
300 + lOx = -. 

290« + 10«' — 300 = 300x. > 

Transp. lOa:* + 290ar— 300* = 300. 
10a?«— 10x=: 300. 
or* — x=z 30. 

1 1 121 

Comp. square, a?*— ar-(-T = 30 + 7= "T^" 

V ^ ^ 1 /l2r 11 

Ext. root, a; — - = V =: — 

2 4 2 

11 . 1_12 ^ ., A» *. ^ 
« = -^ + r = -:r = 6 miles. As rate. 
2 ' 2 2 

Hence, x — 1 = 6 ^ 1 = 5, B's rate of travelling. 

I 
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EXEECISKS. 



i* V 



Ex. 1. What two ntlttiben are those whose ^isinn ii^ Ifjf; 
and nvhose difference, multiplied by the less, is equal to 30 ? 

Ans. 11 and 6. 

Ex. 2. A and B distribute each 20s. among a certain 
number of beggars. A relieres SO persons more than B ; 
but B gives Sd. to each more th^n A^pes. How many 
persons were relieved by A and B respectively ? 

Ans. 60 by A, and 40 by B. 

Ex. 3. Two persons, A and B, were despatched at the 
same time to a place at the distance of 90 miles ; the former 
of whom travelled one mile an hour fiister thw t;he other, 
and arrived at the journey''s end one hour sooner. At what 
rate, d^d e^ch peroon travel ? 

Ans. A 10, and B 9 miles per hour. 

..^x. 4. What number is that whose square is greater than 
'\U, wpplc pow^ by HO ? . , . . _ Ans. 11, 

Ex. 5. A gentlemaA enfered 10 guiBMli to be diptributc^ 
among a certain number of poor people ; but,, before the 
distribution took place, there ^came. in six. claimants xppre, 
by which means, each of the former received 40« less than 
he or she would otherwise have done. How many were 
there at first ? Aiis. 15. 

Ex. 6. There is a certain number, consisting of two 
places of figures, which, when divided by the sum of its 
digits, gives a quotient greater by 9, than the left hand 
digit ; but if the digits be inverted, and then divided by a 
number greater by unity than the- sum of the digits, the 

Quotient will be greater by 2 than the preceding quotient* 
lequired the number. - Ans. 24. 

Ex. 7. A gentleman has a garden' in the form of an ob- 
long, whose length is SO yards and breadth 15. He wishes 
to have a walk madd round it, whose area shall be | of that 
of the whole garden. What must be the breadth of the 
walk? Ans. 3.44 Feet. 

Ex. 8. A person bought a horse for a certain sum. He 
afterwards sold it for L. 144, and gained exactly as much per 
cent, as the horse cost him. Required the cost. 

.... Ans. L. 80. 
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ON RATIOS AND PROPORTION. 

95. By the term Ratio, is meant the relation which one 
quantity fa^aca to another, with respect to magnitude. It 
is obvious, that this relation can exist only between quanti- 
ties oi %he same kind, as of a line to a line, a surface to a 
surface, &c. 

? 96.^ Omt qwkufAtfmBj be cfompared with another, eidier 
with a view of finding out their difference, or of finding 
^ow often the one contains the other. The re]atipn which 
Qne quantity bears to another, with respect to their differ-* 
ence, is called their Arithmetical ra^io. If the objegt of 
the comparison be to discover what ipultiple, part, or parts, 
the one is of the other, this relation is called their Geome^ 
tfkal ratio. In this latter sense, the term ratio is in (he 
meem time to be used. 



'-T- 



- W. In orAcr to discover the ratio ttibsi^ting between t^p 
quantises, the natural process is to divide the one by tixe 
other ; in which case, tne quotient will evidently express the 
fraction or multiple which the one is of the other, TUus, 
in eoE^nng ^ with 6, we observe that the latter contains 

thfi former S.dmes, ~ being =3. Hence, ttira, 8 expresses 

the relative m^nitude of 2 and- 6, mea/avng that 6 is 3 
iiine& as great %3^%% or, wfaidi ai]K>URts to the same thing, 
that ^ is J part of 6. In the same manner, the fractions 
which excess the ratio op rel^tivie magnitqde of 4 and 6, 6 

'46 fi 26 4 

^d fi, aftd 8 and 10, are ^, ^ and ^ =. ^, ^ «md - respec- 

tiydy. Or, in general, the ratio pf a to & is expressed by 

the fraction ^. The rAtio pf P9e Auwiity to another, as of 

a to i6, is e:(priss^ed by pla4;i^ twp ppiptg ^timn them:; 
thus, a : 6; where th^ former,, from the circupigt^n^e.of its 
slandwg &rsi(, is calM (he imtee^icwt «f the ra^io^ while th^ 
latter, from its following the other, is denon^inated the con- 
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96. If the terms of a ratio be multiplied or divided by 
the same quantity, the ratio is not altered. Thus, the ratio 

of a to 6 is the same with that of ma to fTift, because ^ = 

--r, (No. 42. Arith.) Hence, a ratio will be reduced to its 

mo 

lowest terms, by dividing both its terms by their greatest 
common measure. 

99' lliat ratio is the greater, whose antecedent is the* 
greater multiple part or parts of its consequent. Thus, the 

ratio of 3 : 4 is greater than the ratio of S : 8 ; because ^ 

9 S ' 8 

or =^ is greater than ,; or — . 
Ig ^ 8 12 

100. A ratio is called a ratio of leas inegtuUitjf, of egua^ 
Uhfj or oi greater inequality^ according as the antecedent is 
less than, equal to^ or ^eater than the consequent. Thus, 
8 : 4 is a ratio of less mequality ; 4 : 4 of equality ; and 5 : S 
of greater inequality. 

101. A ratio of less inequality is increased, and of greater 
inequality diminished, by adding any quantity to both its 
terms. Thus, if to the terms of the ratio 3 : 5, 2 be add- 
ed, it becomes the ratio of 5 : 7, which is a greater rado 

6 . 8 

than the former, because ^ is greater than x* Or, to give a 

i general demonstration, let aia+b represent any ratio of 
ess inequality ; let c be added to both terms, then the ratio 
becomes that of a+ c : a+6+ c. Now, the ratio of a ; a+6, 

is otherwise expressed by —rn ; and that of a+ci fl+i+c 

by — rrT~' Let now the two fractions — rv and — ttt* 
•^ a+64-c a+6. a+6+c 

be reduced to a common denominator, and they become 

a*+2«6+i«+«c+6c *°^ «*+2«A+i*-H»c+6<;- Now,Mncethe 
numerator of the latter fraction is greater than that of the 
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former, it follows, that . , . is greater than -;rr> or, that 

a-Hc : a+b+c is a greater ratio than that of a : a+b^ and 
hence that the ratio of a : a+b has been increased by add- 
ing the. same quantity to both its terms. In the same man- 
ner, it might be shown, that any ratio of greater inequality, 
as that of a+b : a, is diminished by adding the same quan- 
tity c to both its terms ; that a ratio of less inequality is du 
minishedf whUe a ratio of greater inequality is increased, by 
mbtracting the same quantity from both its terms. 

lOS. Ratios are compounded together, by multiplying 
their antecedents together for a new antecedent, and their 
consequents together for a new consequent Thus, if the 
ratios o( a:b and c : d be compounded together, the result- 
ing ratio is that of ac : bd. It the ratios of 3 : 4, 5:6, and 
7 : 10, be compounded together, the resulting ratio is that 
of 3X 5x 7 : 4x 6x 10 = 106 : 240 = (dividing both by 16) 
7 : 16, (No. 98.) ^ 

103. If any ratio a : 6 be compounded with itself once^ 
twice, thrice, &c., the resulting ratios are those of c^ : 6% 
a^ \V,a^: &% &c. The ratio of of : i% is called the dvpli- 
caU of a:b; cP \IP, the triplicate ; a^ : b^, the quadrupli- 
cote, &c. Hence the duplicate ratio of two quantities is the 
same as that of their squares ; the triplicate, as that of their 
cubes, &c. &c. These ratios evidently receive their names 
from the indices of a and b ; in this way, the ratio of 

*Ja t V6 is called the sub-duplicate of a:b; Va : Vft, the 
sub-triplicate, &c. &c. 

104. If any number of ratios, of which the consequent 
of the preceding ratio is the same with the antecedent of 
the succeeding one, be compounded together, the resulting 
ratio is that of the first antecedent to the last consequent. 
Thus, if the ratios a: b, b:c, c: dy &c. be compounded to- 
gether, the resulting ratio is that of abc &c. : bed &c. or 
(dividing both by be) that of a : ^, 

106. A ratio of less inequality, compcrunded with another, 
diminishes it, while a ratio of greater inequality, compound- 
ed with another, increases it. Thus, let ofiy be com- 
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pounded with the ratio of a : &, the resulting ratio is that of 
aa;:lnjf9 Vrbieh is less or greatef-than a:o, according as 

T- is les& or greater than -, that \^ aecotding as or is less or 

greater than y. ' ^ i 

106. tf the difference tbetween the antecedent and conse- 
Gueht at a ratio be small, when compared with either of 
tnem, the ratio of their squares will be nearly obtained h^ 
doubling this difference. 

Let a+x : a be a ratio where x is small when compared 
with ti; then a^+^aaf-^-a^ : a^ is the true ratio of their 
squares ; but as Xy by supposition, is small in comparison 
with a, a?- will be n^uch smaller when ccxn^red with a^+ 
Sax, it may therefore be left out without much error ; and 
hence d^+2ar : a*, or (dividing by a) a+^xia, will vei-y 
nearly express the ratio of the^squares of a+x and a. 

Thus, an approxiiiiation to the duplicate ratio of 1001 : 
1000, is that of 1002 : 1000. 

In the same manner, it might be, shown that the ratios 
of a+ 3r : a, a+ 4r : a, or, in general, of id+ 7w4r : a, are near- 
ly equdl to the ratios of (a+xy:a^y (a+xy ia^^ and 
{a+a^y* r o*, if 0? be femall in cdiilp&risob with d. 

ON PaOPORTION, 

107. Proportion consists in the equality of t^atios. If the 
ratio of a : d be the same with tbat o{ c:d^ or,, which com^s 

, a c 

to the same thing, if t = ^9 then these four quantities are 

called proportianal^f and are commonly written tfatis, a : 5 = 
cidjOK more ge^rally thus, atbiict'A This is express- 
ed in language, by sayings that a is to 6, h^ cto d* * The 
first and last terms a and d are cialled the exlremesy aAd the 
two middle terms^ 6 and r, the ffiecnis* • 



/ » ■ 



108. Ifjbur gtsaniities be proportiaiUdls^ the ^product &f 
the eaetremea is equal to the product of the means. 

For, if a : 6: \c\d, then (No. 107.) f = 5» *"d hence, by mul- 
tiplying bdth sides of the equation by hd, we have ad = he* 

4 
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Fnm <iu% it is^maxnSut, that if imy three teems of a propcntion 
or ai^ogy (as it is often called) l^ given^ the fourth may be 

found. For^ since ad=:bc, a=z -j, d^—,h=: — » and c = 

d a c 

ad 

T 

109. From the preceding theorem^ itjottowey that ifflw^ 
jpianHties be continttaUi/ proportional, that is^ if the first be 
to the second, cu the second to ihe third, the product of ^ 
extrevm i9 eqmal to the square cfihe mean. 

For, iffl:6::6:c,then(No. lOS.) ac=iV. 

Hence> a mean proportional between two quantities is equal 
to the square root of Aeir product. For^ let x be a mean pro- 
pdrtional between a and Cj so that a'lxit xlc,ihett is a? z:z ao, 
and, therefore, jp — /Jac. ♦ 

110. The converse of each of ihe preceding tbeoreiQa is 
also tni€^ that is. If ihe product of two quantities beeqwd to 
ihe product of two others, or ifthepromict of two be equal to 
ihe square cf one, then the rouft, or 0ie trbsx quantities 
wilt constitute cm an analogy ^ provided the terms of the one 
product be made the extremes; and the terms of ^e other the 
means, ' 

for, if ad SI be, then, dividing both by td, we shall have 
r — % andliejjce, (No. 107.) a'.i'.'.c'.d. 

In Vke tnadnet/if <id :s ^, then, dividing both by ^, ve baw 

r- = -, andheQce, as'befote, albllblc> 
o c 

111. Ita^ ihat aire equoi to the srnie ratio, urb equdl to 
tme nmtfthety^^ \b, if a ^J%mci d,waA sidi/te xj, tbenv^haU 



For r 3= y and 5 =^ f^ heoce,^ = T^and,con8equenlly,\No. 

.- • • ., . *^ • • • t • . 

.ij07.)o-6::e;/: 

112. If Jour quantities be proportionals, they are also 
proportionals when taken alternately, that is the first : third : . 
second : fourth. 
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For, if albllcld, then (Na 108.) adssbc^ and dividing 
both by cd, we have, — ^ 'T» *°^* therefore, (No. 107.) a I 
ell bid. 

118. Ifjbur quantities be prqportbmahf they are also 
proportionals when taken inversely, ihai is the second : 
first : : fourth : third. 

For, since albll eld, be h=z ad, (No. 109.) and dividing both 

b d 
by flc, we have — 5- — , and, therefore, (No. lOT.) bldlldlcm 

a c 

114. Ifjbu/r quantities be proportionals^ they are also 
proportionals componendo. or dividendo, that is^ the sum or 
difference qCtheJirst and second^ is to the, secondf as the sum 
or difference of the third andjburth to ihejburth. 

For, since albllcld^ -r- = -x,, and, therefore, V- ft 1 = 



-^ =fc: li or, reducing to uoproper frm^ticms^ — rr — = — j — » 
and hence, (No. 107*) a it 6 Ih I'^czizdl i. 

115. Ifjbur quantities be proportionals, they are also pro* 
porticnals convertendo, thai is, the first is to its ewcess cuxroe 
the second, as the third to its excess above thejbnrth* 

For, since aibiicid, a — b:b ::C'~^d:d, (No. 1 14.) and, al- 
ternately, (No. 112.) a — b:c^^d:ibid; and also from alter- 
nation, aiciibidy and hence (No. 111.) aiciia — bic — d, 
and, therefore, by again alternating, a : a — * 5 : : c : c^— </. 

116. When Jour quantities are proportimGis, the. sum of 
the Jirst and second is to their difference, as the sum of the 
third andjburth to their difference. 

This readily appears from Nos. 114 and 115. 

For, (No. 114.) a+b:b::e+d: dy therefore, (No. 112.) 
a+b : c+d ::b:d. And, (No. 115.) aia-^biiczc — d, there^ 
fore, (No. 112.) aiczia — b:c — d. But, (N^o. 112.) a:c:: 
b : d, hence, (No. 111.) a-i-bie-j-dita — b: c — d; and, there- 
fore, alternately, a +6 : « — 6 : : c+d : c — d. 

117. When any number of quantities are proportionals. 
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at cm antecedent is to its consequent, so is the svm qfcU the 
bnieeedents to the sum ofaU the consequents. 

Let a:b::c:d::e:fy Sec Then sliall a: hi: a'J^c+^+Sce, : 
h+d+ff&c 

ToTy since a:b::c:d, adzshc, (No. 108. ;) in like manner, 
}M!CajiBeaib'^:e:f,qf=:hey now, ab=:ba; and, therefore^ by 
adding equala to equalsi we have ab+ad+qf+&Cn:=zba+bg+ 
be+&c.f or, resolving into factorsi a(b+d+f+&c.) z=l b{a+c+ 
e-|-&c.) and hence, (No. 110.) a : 6 : : a-(-c-f e-|-&c ; b-f-dr^^f-^- 
&c. 

118. When Jour qu/anii^ are prcportionais, if the Jirst 
and second be mtdtipUed or divided iy any quantity, as also 
the third and fau/rih,^ Ike resulting quantities wiU be pro- 
portionals. 

For, iia:b::c:dp then -jr- z= -r, and -^ = --... 

HenoBj maitnb:: nc : nd^ when m and .9 may be any quantities 
whatever, either integral or fractionid. . 

From the preceding theorem^ it follows, that If the first 
and third, as also the seccmd and fourth, be multiplied or 
divided by any quantity, the resulting q^uan titles will be 
proportionals. . • 

119. In two ranks of proportionals, if the corresponding 
terms be multiplied together, the restdting products teUl be 
proportionals. 

, l£a: b:;c :d . 

And e if: i.g: h. 

Thm aeibf:: eg :dk. 

For, since a : 6 : : c : (/, -r- =: — r* and, m like manner, ~;r = 

b d . / 

-|-; hence; -J ^y — Y ^ T' ^^* ^*' A?^ ^*' ^^' *'*^'^* 
fore, (No. 107.) ie:b/::cg:dL 

The same demonstration may be applied to any number 
of ranks of proportional quantities. 

120. If Jour quantities be proportionaisy any like powers 
or roots of them will also be proportionals. 
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For, since a:bi: c:d, -r- — T* ^^^* therefore, tz- = 3-, 

beMBf (Noy.l070^*:n^*^.*c*««^*« where Ji may be either inte- 
gral or fractionaL . _ ^ 

■ 131. If Aere he my mimd^r ffquaaititks^ hy b, c, d^ 4«^ 
jH co9l^Mltiet2 p^d^xyrfiM, .^fo j£r«^ i« to the tkird in ^ife dt^lu 
Mtratio-^ ffte JkrH4o ^ steol^ ; or tkejini fa ihefMrtk 
iii the tripKcaie ratio tjftheJir9t\to the second^ Sf^c. • 

For, since a:b::b:c, o* : 6* : : 6* : c*, (No. 120.) but ac = 
6*4 (No. 108.) therefore, a*:b'^::ac:c^, and hence, diyidin|f the 
two last tettns by c, we hAite ft ! c: : u* t ^, (No. 118.) 

' ' Agairf, b'eeauBe a : iJ : : i»* J 6*. 

And, ct rf::ff: 6;* 
We have, (No. 119.) ac:cdiia?:lfi, or, dividing the 
two first terms by c,azd::a^ib^. 

In like manner, it may be shown, that a:e::a'^:b\ &c. &c. 

122. In the precedbg theorems, it is supposed that one 
quantity is some determinate multiple, part, or parts of 
another, or that the fraction arising from the divii^on of 
* the one by the other, is some determinate fraction. . This 
will always be the case when the two quantities have any 
common measure whatever. 

Let j; be a common measure of a and b, and let a =; nro?, b =: 

nx I then *-^ -:= - — rs — , when m and n are whole numbers. 
o nx n 



\ » J. 



123. It often happens, however, that the quantities are 
incommensurahlej or have no common measure whatever, as 
when one represents the side of a square, and the other its 

diagonal. In such cases, the valu^ of -^ cannot be express- 
ed exactly by any fraction -, whose numerator and deno- 
minator are whole numbers ; a fraction, however, of this 
kind, may be found, which will express its value to any de- 
gree of accuracy less than perfect. 

Suppose d? to be a measure of 6, and let 6 = n« ; also, let a be 
greater than mx^ but less than (m+ 1)j: ; then — is greater tban 
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- but less than ;^, « the diSerspice b«tw©^ ;- and -rpiAlw 
thto — ; and as j; 18 duninilhdd, » will b« ind(^aied| sfam m» 
h, and heAfe^ — diminished. By aimiHtslAig ar, AtertAirei ihfe 

difference of 4- ^^ — "^7 ^ rendered less than any that can 
ha QSsigfiMd. 

124. If a and ft, as well as c and d, he iaoommAMiknllM 
and if, when 4- Hfts WtWeWi -^ and "^i -J^ lie Jllso be- 

• ^ ^^ ♦ t •• I It 

t^^a ^ aad ^^, kowtfver the magnitudea « and » «fe 
ji ' 11 

iAcrttoed, 4 = -J- W they aire not equal, they ttrnst 

have some asagnable diflference ; and because each of them 

fies between ^ and ^, tlu« difibroice ia iem Ata —jbut 

nnoe, by soppodtiDb, » may foe i&ereased without limits 

— may be diminished without limit, that is, it may become 

less than any aawgnabte quantity^ therefore^ y and -j have 
nd asBomWe tUftrenw, that i»> -?- «* *j 5 and aH tBfrpre- 



.i*w*i..'.V ".> .' At' •>. '• '.' * i'*'-' ^ 



^><4 %v« A 



ceding propositions, respecting proportionals, are true of 
the fotli* magnitudes «, 6, t, and 5.* 



ON AEITHMETICAL PROGRESSION. 

126. Quantities are said to be in Arithmetical Progrekf^y 
when they increase or decrease by a commou difference. ; 

Thus, 1, 3, 5, 7, 9, 11, &c. ; 5, 3, 1, — 1, — 3, — 5, &c. &c., 

are quantities in arithmetical progression. 

, « 

• Wood's Algebra, Art 191. 



1S6. If a be the first term, and b the common ^ 
of a neneB of terms in arithmetical progression, t1 
cond term will be a+6, the third a+Sfr, the fow^ 
&a ; and since the ooeffident of 6 in any term 
unity than the number of terms, counting from t 
ningt the but term will therefore be a+{n~^iy, 
denotes the number of terms. 

127. The sfim of a aeries of quantUieSy inArr^ 
Progressiony is equal to the sum of the firat and Jo 
or of amy two terms equally distant from them, t 
bj^ kai^ the nmmber of terms. . -- 

• lict r=L 0um of the series a, a-f^, a4-2ft>.a^S%> ^c* 
Then, s = a - - - - +a+b - - - +a+U, &c. - - a-i 

And * = fl+(«— l)i+o+(fi— 2)6+o+(it— S)^, &cf. 

Or, 2*d:2fl-f(ii— l)*+2fl+(n— :l)H2«+(n— 1)6+ 
terms, by adding the two series together. ^ 

J[^nce.2t = (2a+:(n — l)5)Xii;i and^ therefore^ s 

From theequation « sr (2a4-(ii«<-l)5) — ^any threeol 

jqiiaDUtiea s, ia, h and ii> being giveQ> the fwrlh .may b "^ 

It will be fully as well, however^ to substitute the givt ~^ 

>,i ' ' . * " 

>•'•'- n 

bers in the general ybrmu/a^ s =: (2a4-(fz— 1)5) — , and 1 ^ 

2 

equation determine the value of the unknown quantity. '^ " _ 

128* If three quoftiUies be in urithmeiicid progress 
sum of the extremes is double of the mean. ^ 

Fox,i£a, a+b, a+2b, be the three quantities^ then V ^ 
vious^ that a+(a+2b) = (a+6)2. ^ 

Hence^ an arithmetical mean between two quantities i "*" sr 
to half their sum. 

Ex. 1. Required the sum of 20 terms of the series 1^ I 
9, &c. "i;^ _ 

Here, a = 1, 6 = 2, and ii — 20 ; hence, s rs {2a+(»^— ^ 

20 - i 

= (2+(20— 1)2)— = (2 + 38)10 = 40X10 = 400. ^ ^ 
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149 ALQSVIIA. 

Thvs» 1, 2i, 4>4 8, &C. ; 1^ !« i> ^^ &<?<; are qiiamiti?s in geo- 
metrical progression. 

The oMistAnt multiplier is ciiUed the ccmmQU roH^j and 
is manifestly equal to the quotient arising from the division 
of any term, by that which immediately precedes it. 

150. If a be the first term, and r the common ratio of a 
s^r^fsifiC toirma^Q ge^metncal pi?q^es$iQii,4hen^he s^ond 
term will bo or, th« third ar\ tbe fourth mr^y &&> or, siaoe 
the index of r in any term is less by unity than th^ number 
of terms, reckoning from the beginning, the last term will 

be ar^^""^, when n denotes the number of terms. 

Hence> if I denote the last term^ we. shall have I :^ flr**""^. 

151. The Bum^ of a aeriea of quantities in geometrical 
progression^ may be fotmd^ by subtracting the first term 
from tM product of the last term and common ratioj and 
diixifimg the r^ainder by the differenjae het^em tke ^xm-- 
mm roMo and unity. 

' te* « 5R sum Qf the ««ri?s. 

Then, « = a+ar+ar' - • - +flr"^^4-ar"~^,andmultiplying 
by r, rs sac tff+ai»*+flr' - - - -Hw»*^^+flr*, subtract the for- 



« 



,4 J '.. I" ^ J"' ft' 

Heiice, (r-— 1)« = wi^ — «, artd, tberclbre, s = ^^. But, 

I r: ai^**^i therefore, rl = or**, and hence, by substitution, i = 

*^ ■■ < i ' ■ 
r-— 1 

.If r ^ a proper fractiop, tjjjen r and its poyyer^ are less, tb^o 
UJaitVi ^ud^ consequently, both numerator and denominator of 

the fraction would become negative. The division of 

the one by tlie dCheri^iNittld no^iAit ^v* a. positive result, but 
it will be rather more convenient to transform the equation s =: 

-j2Z\* w*^ *^ ^^"^ * ^ TIi;^ ^^ *»iiltirt^i»g bpKib terms l^ 
— 1. 
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199. WhMi r is a proper fi«ction^ aod n ipdefioH^ly 
great, ar^ becomes indefinitely small ; and, therefore, b =: 

■■ " , the Vimit to which die mm cf the series approaehen. 

r . " ' • . ■ f . J V , • 

- " ' s 

183. From the equation b = . , any three of the four 

quantities «, r, / and a being given, the fourth may be 
found. 

SXAMPLBS. 

Ex. 1. Required the sum of 8 terms of the series 1,2,^, 8^ 
&c. 

Here, a = 1, r = 2, and n = 8- 

ai^—a 1X2«— 1 256—1 ^^^ 

Now, « = ;- = — t; ; — = — = 255. 

I r — 1 2 — 1 1 

Ex. 2. Required the sum of 6 terms of the series \y \, ^, &c. 

"" 1 — r"" 1— i "" J "" J —123 -64 

When n is a large number, the solution of the fundamen- 
tal equation is most conveniently effected by Logarithms^ as 
will afterwards appear. 

Ex. S. Required the value of the repeating decimal .SSSS. 

S 
This decimal is represented by the geometric series — ^ 

S3 3 1 

-.j 1- &c., whose first term is —-r, and common ratio 



100^1000^ '' 10' 10' 

and in this case n is indefinitely great. 

Hence , - -? iV- - & -JLy 12 _ ?2 _ ? _1 

Hence,*- j_^_ j_^ _ ^ _ ^^X 9 -y^-^-g. 



EXERCISES. 



Ex. 1. Required the sum of the series i> 2^ 4^ 8, 16^ &c. to 
14 terms. Ans. 16383. 

Ex. 2. Find the value of the series^ 1^ i, ^, ^y &c. continued 
indefinitely. Ans. }. 
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ALGEBRA. 



Ex. S. Beqvlred the valueof the eirculatfaig deennal 0.45* 

Ans. /j. 

Ex. 4. A person sold a horse, on condition of his receiving a 
&rthing for die first nail in his shoes, a halfjpenny for the second^ 
a penny for the third, and so on, doubling the price of every 
nail, to S% the number of nails in the four shoes. Required the 
price of the horse. Ans. L. 4,473,9^4, 5s. S{cl* 



ELEMENTS 



OF 



GEOMETRY. 



BOOK I. 



DEFINITIONS. 



t.— -A POINT is that which has position but not magni* Book I. 
tude. 

II. — ^A line is length without breadth. 

CoroUaty. The extremities of a line are points ; and 
the intersections of one line with another are also points. 

III. — If two lines are such, that they cannot coincide in 
ai^ two points, without coinciding altogether, each of them 
is called a straight line. 

Cor.^Hence, two straight lines cannot inclose a space. 
Neither can two straight lines have a common segment ; for 
they cannot coincide in part, without coinciding altogether. 

IV.— -A superficies is that which has only length and 
breadth. 

Cor. — The extremities of a superficies are lines, and the 
intersections of one superficies with another, are also lines. 

v.— A plane superficies is that in which any two points 
being taken, the straight line between them lies wholly in 
that superficies. 
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KLBMBINTS 



Book L yi.«*-A plane i^ctilineal angle is the incliaalncni of two 
straiglit lines to one another, which meet together, but are 
not m die same straight line. 



. I ' 





N. B. — When several angles are at one point B, any one 
of them is expressed by three letters, of which the letter 
that is at the vertex of the angle, that is, at the point in 
which the straight lines that contain the angle meet one ano- 
ther, is put between the other two letters, and one of these 
two is somewhere upon one of those strtught Hnes, and the 
other upon the other line. Thus, the angle which is con- 
tained by the straight lines AB, CB, is named the angle 
ABC> or CBA ; that which its oontained by AB, DB^ is 
named the angle ABD, or DBA ; and that which is con- 
tamed by BD, CB, is called the angle DBC, or CBD ; but, 
if there be only one angle at a point*, it may be ^xpreesed 
hy a letter placed at that point ; as the ai^le at £% 

Vtl.— ^When a straight line AB, standing on another 
straight line CD, makes the adjacent angles ABC and ABD 
equal to one another, each of the angles i^ called a right 
angle, and the straight line, which stanids on the other, is 
called a perpendicular to it. 




B 



D 



Cor. The angles which one stt*aight line AB ifiakt^s 



OF fi«01i£TRY. 



Ut 



yMk amdKriJP, «poB ow die of k, a» eitiber 4w:a right 
aneles, or Are, together, eqiud to two ngbt eagles. For* if 
AB be perpendicular to CD, then each of the angkr ABC, 
ABD, '¥^ * right wgle .; and, th«r«fci:% lyr^, *«Pther, «qual 
to two right angles. But, if one of tkv^f A'']SC> ej^ceea 41 
right angle, the other, A'BD, is manifestly as much less 
tl^p ^ righ^ a^tg)^ Aodt f^om^qffi^yp a^ twp i^re tog?t)ier 
equ«l tp twp i%bl 30gl?9. 

VJII. — ^An obtu3e angle is that whiich is greater th/m a 
right angle. 



Botkh 




IX.— An acute angle is that which is less than a right 
aogie. 

X,— A figure is that which is inclosed by one or more 
boundaries. 

XL ^Figures are said to be equivalent, when, without 

coinciding, they contain the same space. 

XII.— A mwie W » pla«e %w^^, impbs^ hfj^ 'f^o- 
lution of a straight line, about one of its extr^Wft^ vhwU 
remains ^xed. 

Xin —The fixed point is called the centre of the circle, 
the descritupg line it3 rfidius^ and the bpund^ry t^iwed J)y 
the r^ote end of that line its rfwwf^^r^nc^. 
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ELKMBNTB 



Book I. XIV.— The diameter of a circle is a atraight Ittie dra^m 
through the centre, and terminated both ways by. the dr* 
cumferenoe. 

Car. All radii of the same cu'cle are equal to each other, 
and t6 a semi-diaraeter. 

XV. — A semicircle is the figure contained by a diameter, 
and the part of the circumference cut off by the diameter. . ' 

XVI.— Rectilineal figures are those which are contained 
by straight lines. 

XVII.— Trilateral figures, or triangles, by three straight 
lines. 



XVIII.— Quadrilateral, by four straight lines. 

XIX. — ^Multilateral figures, or polygons, by more than 
four straight lines. 

XX.— 'Of three sided figures, an equilateral 
triangle is that which has three equal sides. 




XXI.— ^An isosceles triangle, is that which has 
two sides equal. 




XXII.— A scalene triangle, is that 
which has three unequal sides. 




XXIII.— A right angled triangle, 
is that which has a right angle. 



XXIV.— An obtuse angled triangle, is 
that which has an obtuse angle. 
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\*ii-pAii' acute angled triap^, is 
that which has three acute aiigle& 





XXVI.— -Of four sided figures, a square is 
that which has all its sides equal, and all its 
angles right angles. 



XXVIL^An oblong, is that which 
has all its angles right angles, but has not 
all Its sides equal. 

XXVIII — ^A rhombus, is that which 
has all its sides equal, but its angles are 
not right angles. 



XXIX.^A rhomboid, is that which 
has its opposdte sides equal to one an- 
other. 



XXX.«-A11 other four sided figures besides these, are 
called Trapegiums. 

XXXI.-— Straight lines, which are in the same plane, 
and being produced even so far both ways, do not meet, are 
called Parallel lines. 



A PaoposiTioN, is the enunciation of something for 
construction, or demonstraction, and is either a Problem or 

Theorem. 

In a Problem, something is required to be performed. 
^n a Theorem, some truth is to be demonstratei!. 



I5d nt/ttiiMirrB 

r 

fiook t. A Leifma is a subsidiMr tratb,r employed m die danoiw 
' stration ot a theorem, or the ^lotion of a Ph>bkia« 

A OorcUairy is an obvious consequence that arises from a 
proportion. 

A .'Scholium » a remark on the nature and application of 
a proposition. 

An Awiim is a self-evident truth. 



I AXIOMS. 

I.— -Thin^ which are equal to the same thing, are equal 
io one another. 

U.— If equals be added to equals, the wholes are equal. 

III. — If equals ht tttkeii from equali^, the remainder^ are 
e^ual. 

IV.— If equals be added to unequals^ the wholes are un* 
eljual. 

V. — If equals be taken from unequals, the rettHunderil are 
unequal. 

YI.-— Things which are doubles of the same thing, are 
equal to one another. 

YII. — Things which are halves of the same things ai^ 
equal to one another. 

VI 1 1. — Magnitudes which coincide with one another, 
that is, which exactly fill the same space, are equal to one 
another^ 

IX. — The whole is greater than its part, and equal to all 
its parts taken together. 

X.—~ All right angles are equal to one another. 

XI.— -Two straight lines, which intersect one another, 
cannot be both parallel to the same straight line. 

XII.— *The shortest distance between two pcunts is a 
straight line. 

Cm'^ Any two sides of a triaAgle are tcgethet* graater 
than the.lhind side* 
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BoikE. 



PROPOSITION I. PEOBI^EM. 

To mn a irHef n iriangky cf wkieh the sides shaU be equal 
to three given straight Unes ; any two of which arei 
^eater them the thiru.^ aCor.Ax.12i 

Let AB represent the base, and C, D, the two sides of 
the triangle which it is required to construct. From the 
centra A) ^th the 
distance C, describe 
the circle EFG, ^d 
from the centre B, 
with the di^tj^nce D, 
describe tbe circle 
£GH, iQ^tiiqi^ the 
former in E ; join 
AE and EB ; AEB 
is the triangle re- 
quired. 

Because the circle 
EFG is described 

with a radius equ^I to C, therefore, AE^ is equal to C ; and, b Cor. 14. 
for the same reason, BE is equal to D. Consequently, the ^^' 
triaogl^ AEB answers the conditions of the problem. 

Cor. If the radii C and D be equal to each other, the 
triangle will evidently be isosceles ; and if the three lines are 
equal to one another, the triangle will be equilateral. 




PROP. II. THEOREM. 

If two triangles^ ASC^ and DEF, have the two sides 
BA9 AC of the one, equal to the two sides ED, DF of the 
other, each to each, and have likewise the angles BAC and 
EDFy contained by those sides, equ^al, the triangles are eqv4il 
in every respect, and have thofie ckngles equal, which are 
opposite to the equal sides. 

For, if the triangle ABC be applied to the triangle DEF, 
so that the point A may be on D, and the side AB lie along 




%ylM» die side D£ ; then the 

^^^■^ point B shall coincide 
with £, because AB is 

8 Si^ fqual to DE« ; now, AB 
coinciding with D£, 
AC shall fall along DF, 
beoause the angle B AC is equal to the angle EDF^ ; where- 
fore, also the point C shall coincide with the point F, because 
the side AC is equal to the side DF' ; and because B coin- 
ades 'Mth E, and C with F, the side BC coincides with the 
side £F, and is therefore equal to it. Hence, also, the whole 
triangle ABC coincides with the whole triangle D£F, so 
that the spaces which they contain, or their areas, are equal. 
Now, since while BA coincides with £D, BC also coinddf^g 
with EF, it follows that the angle ABC is equal to the angle 
D£F, and these are opposite to the equal sides AC and DF ; 
in the same manner, it appears that the angle ACB is equal 
to the angle DF£, and they are opposite to the equal sides 
AB and D£. Therefore, i£ two triangles, &c. Q. £. D. 



PROP. III. THEOREM. 

In an Isoceles triangle ABC, the angles ABC and ACB op- 
posite to the equal sides AC and AB are eqtml. 

For, let the straight line AD bisect or divide the vertical 

angle B AC into two equal angles, BAD 

and DAC, and meet BC in the point 

D; then, because ABMs equal to AC^ 

and AD common to the two triangles 

ABD and ACD, and likewise the in- 

duded angle BAD equal to the included 
a Cons. ungle CAD"^, these triangles are equal in 
b 2. 1. every respect^ ; and, therefore, the 

ai^gk ABD is equal to the angle ACD. 

Cor. 1. If two angles of a triangle be equal, the sides 
whii^h subtend^ or are opposite to them, are also equal. 

•»- G^yr^ % Every equilateral triangle is also equiangular. 

'' Cor. 3. The straight line which bisects the vertical angle 
of an isosceles, triangle, also bisects the base at right angles. 

C(yr. 4. If the equal sides AB and AC be produced to £ 
and F, the angles EBC and BCF on the other side of the 
base are likewise equal. 
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Hooltl. 

PROP. IV. THEOREM. 

If two triangles J ABC and DEFy have the three sides of 
the.on& equal to the three sides of the other j each to each, 
ms^, AB ^o DEy AC to DF, and BC to EF, the triangles 
are e^juat in every respect* 

Let AB be that side 
which is not less than any 
other side of the triangle. 
Then, if the base D£ be 
applied to the base AB, 
ihey will coincide, because ^< 
A3 is equal to DE^ Let 
the two sides DF, FE fall 
upon the other side of the 
base AB from that on which 
the triangle ABC is ; join 
CF. Since AC is equal to 

AF% the angle ACF is equal to the angle AFC* ; and, in the * ^ 1- 
same manner, because BC is equal to BF% the angle BCF is 
equal to the angle BFC* ; therefore, the whole angle ACB is 
equal to the whole angle AFB or DFE. Now, the two sides 
AC, CB, which contain the angle ACB, are equal to the two 
sides DF, FE% which contain DFE, therefore the triangle ACB 
is equal in every respect to the triangle DFE ^ ; consequently, ^ 2. l. 
the remaining angles in the one are equal to the remaining 
angles in the other, each to each, to which the equal sides are 
opposite, viz. the angle CAB equal to FDE, and CBA to 
FED. Therefore, if two triangles, &c. Q. E. D. 

Car. 1. The straight line drawn from the vertex of an 
isosceles triangle, so as to bisect the base, is perpendicular 
to it, and likewise bisects the vertical angle. Hence a con- 
venient method of drawing a perpendicular to a given straight 
lii]^ froBia given point, either in or without the given line. 

Cor/9. If AC tod CB were equal, as also AF and FB, 
then it would follow, that the angles ACF and BCF were 
also equal ; or that the angle ACB would be bisected, as also 
the straight line AB. Hence an obvious method of bisecting 
a givein angle or a given straight line. 



Bo^ J, SchoUttm, From what is demonstrated in the proposition, 
^ |»i w^ ^ e can, by the help of Prop» I., male an angle at any given 
point in a straight line, equal to any given angle. Let 
ACB be any given imgle, and let it be required at the point 
F in the straight line FD, to make an angle equal to ACB. 
Take any two points A, B, in the lines which contain the 
angle ACB, and join AB. Make the triangle FDE, havii^ 
c 1. 1. its three sides respectively equal to those of ACB*, viz. FD 
to CA, FE to CB, and DE to AB. Then is the angle 
DFE equal to ACB. 



PROP. V, THEOREM. 

If two straight lines AB and CD cut one another in J5, the 
vertical or opposite angles AEC imd BED are equai. 

For the an- C 

gles CEA and 
CEB, which 

•\^j-$ majieswito a .. mlh . «»« nmTNa^ *— *»^^— "w^wf^p^imnii^ ^ 

AB, are toge- £ 

ther equal to 
two right an- 

aCor.Def.7*gI^*; and the 

angles CEB 

and BED, which BE j^akes with CP, are also U^ether equal 

to tw« right angles % thar^one, the two magles CEA and 
b Ax. 1. CEB are equal to the two CEB and BED^ ; take away the 

conmiOQ angle CEB, and the remaining angle CEA is ^qual 
c Ax. 3. to the remaining angle BED ^. In the same manner ijk may 

be demonstrated that the angles CEB and AED are eq\Md. 

Therefore, if two straight lines, &c. Q. E. D. 

Cor. 1. From this it is manifest, that if two sivaight lines 
cut one another, the angles whidi they make at the point of 
the intersection are together equal to four right angles* 

Cot, 2. And hence, all the angles made by any number of 
stra4ght lines, meeting in one point, are together equal to four 
right angles. 
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PROF. VL THEOREM. 



B<«kX 



If one side BC of anp tHangle^ JBC, be produced to D, 
the eaterior angle ACD is greater than eUher of the 
intefior and opposite angles CBAy CAB. 

BisecC AC« in % join aCor.2.4.l. 

BE, and produce it to F, 
siaMn^ EF equal to EB ; 
join abo FC, and produce 
AC to G. 

Because AE ia equal to 
EC«, and BE to EF^ the / ^/^^ / g Com. 




two sides AE, EB are 
equal to the two CE, EF, 
each to each ; and the in- 
cluded angle AEB is equal 
to the included angle, CEF 
being vertical angles *»;. G * b5. l. 

therefore, the two triangles 

AEB taA CEF are equal in every respect^ ; consequently, c 2. 1. 
the angle BAE is equal to the angle ECF ; but the angle 
ECD is greater than the angle ECF** ; therefore, the angle d Ax. 9. 
ECD, that is, ACD is also greater than the angle BAE, or 
BAC. In the same manner, if the side BC be bisected, it 
may be demonstrated that the angle BC6, that is, ACD^, is ^ & l. 
greater than ABC. Therefore, if one side, &c. Q. E. D. 

Cor. Any two angles of a triangle, are together less than 
two right angles. For, since by the proposition, the exterior 
angle ACD is greater than the interior and opposite angle 
ABC, if ACB be added to each, then ACD and ACB will 
be greater than ABC and ACB, but ACD and ACB are to- 
gether equal to two right angles^; wherefore, ABC andfCor.Def.7. 
ACB are together less than two right angles. In like man. 
nca[v it may be demonstrated that BAC, ACB, as also CAB, 
AbC, are together less than two right angles. 



PROP. VlL THEOREM. 

The greater side <sf every trim^e has the greater amgle 

oppoeife to it* 

If the side CA be greater than CB, the angle CBA is 



TM 



SESDOMflTS 



"Loll iAk> greater than the angle CAB. Fran C A; vrfuolt .is 



c Cons. 
a 3. 1. 



b6. 1. 




greater than CB,* eat* off CD, equal to 

CB, and join BD. Then, because 

CD 18 equal to CBS the angle CDB is 

equal to the angle CBD* ; but the 

angle CDB being the exterior angle of 

the triangle ABD, is greater than the , _ ^ 

interior and opposite angle B AD^ ; consequentljj^ ^i\Le ^gl€\ 

CBD is also greater than the angle BAD, much more» i}iejQ», 

is the angle CBA greater than the angle BADf or CAJB^ 

Therefore, the greater side, &c. Q. E. D. ^ 

Car. The greater angle of ev^ triangle has the grtalsr 
side opposite to it. 



PROP. VIII. THEOREM. 

Iftzffo triangles^ ABC, aiid DEF, have two ^des BJ, AC 
qf the one J equal to two sides ED, DF of the other, each 
to each, hit the iiiclvded amSe, BAC qf the one, greater 
than the included angle EDF of the other, the hose, iC 
of that which has the greater arhgU, shall he grealer iha/n 
the base EF of the other. 

Of the tro sides AB, AC, let AB be that wUdi jis nol 

greats than the other, and, at the point A in tl^e. straight 

line. AB, make the angle a 

BArf equal to the angle 

aSdhoUum, EDF^ Then, since AB is . 

^' ^* not greater than AC, the angle \ \ \ . 7 v ^b 

ACB is not greater than ABC, / \ \ —^Jny^v, 

but. thf exterior angle AHC is / \^ \ , / fAii 

b 6. 1. greater than ABC*', and, there- ^\^^-Ac eL. . \ ,.,, 

fore, greater also than ACH ; ^*A-^ "^^ 

consequently, the side AC is G- ^ ^ .«,j 

c Gor. 6. 1. greater than AH*=. Let AH be produced tiU AG is equal 

AC, or DF, and join BG, GC. The triangles BAG, ED]P, 

d 2. 1. are equal"*, since the sides AB, AG are equal to the ^de^ 

DE, DF, each to each, and the angle BAG equal to the 

angle EDF, therefore, the base BG is equal to the base £F. 

Now, since AG and AC are equal, the angles AGC, ACG 

e 3. 1. are liewise equal^ ; but the angle BGC is greater than the 
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angle A6C^, therefore, the angle B6C is gneater ako thaoni ^^ ^• 
AC6 ; much more, then, is me angle BGC greater than *'**'^''***^ 
the angle BCG; therefore^ the side BG is greater than 
BG"" ; and^ as B6 is equal to . EF, the base BC is greater 
also tha^the base EF. Wherefore, if two triangles, &e, 
Q. E. 6. 

Car. If two triangles have two sides of the one re£;)ective- 
ly^ equal to two sides of the other, but the base of the one 
greater than the base of the other, the angle contained by 
the two lAdes of that which has the graiter base, shdl be 
greater than the angle contained by the two sides of the 
otfa^.. 



PEOP. IX. THEOREM. 

If a strai^t line EF, JhXling upon two other straight Urns 
JIB, cSy makes the aUemate aiigles AEF^ EFD equal 
to one (mother , these two straight lines a/re parallel, ^ 

For, if AB and CD are not parallel, they will meet, if pix>- 
duced, either towards A and C, or towards B and P ; let 
them be produced, and meet 
towards B and D in the 
point 6; then GEF is a 
triangle, and its exterior 
angle AEF is greatdr than 
the interior imd opposite 
anglgEFG* ; but it is also 
equal vto it% that fe, the 
angle JSlEF is both equal 
andmreater than the angle 

EFP) which \d impossible. Therefore, AB and CD being 
c^ do not meet towards B and D. In like manner, it 
may be demonstrated, that they do not meet towards A and 
C ; but those straight lines which meet neither way, though 
produced fever so far, are parallel to one another^. AB, there- b Def. Si. 
tike, & parallel to CD. Wherefore, if a straight line, &c. 

^:e. D. 
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PROP- X. THE0B3EM, 

y^a titmi^ UtuSj EFyJbHing ^ifon tmo other straight lines 
ABj cDf makes the exterior angle EGB^ equal to tie m^ 
terior and opposite ofigle GHD upon the same side^ or makes 
the two interior angles SOH9 GHD^ on the sa/me side^ 
together egud to two right atn^lesy AB is paralkl to CD. 

• Sup- Becsnse IJhe an^e EGB is equal to the angle GHD*, smA 
«fi-i- ahototheangleAGHS 

the angle AGH is 

equal to the angle 

GHD, and they are 

the alternate- a^les ; 

therefore, AB is pa- 
ad. 1. valleltoCD*. Again, 

lecause the angles 

BGH and GHD aie 

equal to two right 
8 Sup. 4Migle6% «Dd AGH,jnd 

jBGH, aoe also equalte 

e Cor. Def ?• two right angles^, the angles AGH, JBGfi, aar lequal it# ik^ 

b Az. 1. angles BGH, GHD^ ; take away ^e QDnHnon #ngle BGHii 

therefore, the remaining angle AGH, it e^al io the jremtio 

c Ax. 3. Jug angle CrHD^, and -Asf ^ aknuie angles ; tfaeiefim^ 

d 9. 1. AB is parallel to CD^. Wherefiiee, if a straight Hue, &tB. 

Q. fi. D. 

Scholitm. 'This,, .ajid the preceding pr(^osifion, iuniiA 
the three criteria when^by to judge of the Jp|QrAH^lis^l df 
straight lines. 

PROP. XI. THSOREM. 

.^« etrai^t Une^ Et\ JaS ^%y|Hnh im> fwraUd siarmgkt iines^ 
JB^ CD, it mtakes ths fiOarmU angies AGBj GtlD^ 
equai to eM4tn»therf emAxthefexterior fmg^JStGB equal 
to the interior and opposite angle GHD upon He sawifi 
sidef and the two hiterior angles BGH and GHD upon 
the same side, together equal to two right angles. 

For, if AXxH be not equal to GHD, let HG be drawn, 

making the angle EGH equal to GHD, and produce KG to 

11 
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c 5. 1. 



L, then EL will be 
parallel to CD"" ; but 
AB is also panllel 
to CD«; therefore, 
t^ 8trakht lilies are 
dntwn thtymgh the 
sstae pomt 6, paral- 
\A to CD, and jet 
not coinciding with 
one another, which 
is isipossible^* The 
angles AGH and 

GHD, are therefore not unequal, that Is, tliey #pe equal to 
one another. Now, the angle JBGB is emi^ to the an^ to 
AGH<^ and AGH was proved to be equal to GHB, Sere- 
fore, £GB is likewise equal to GHD ; add to each of these 
the angle BGH, therefore, the angles EGB, BGH are equ^ 
to the angles BGH, GHD, but £GB, BGH, are together 
eqnid to two right angles^; -therefore, also BGH, GHD aredCor.Dcf.7. 
equal to two right angles. Wherefore, if a straight; linCj Sec 
Q. E. D. . . 

Cor. If two lines, KL and CD, make with EF, the tPia 
angles KGH^ GHC, together less than two right angles, KGr 
and CH will meet on the side of EF^ on which the tw<o , . . 
angles are, that are less than two right angles. For, if aat» 
KL and CD are either parallel, or tbey itteet in the otbcor 
aide of £F ; but they are not parallel, &r the angles KGH, 
GHC, would then be equal to two right ai^les^. Neither do ell. 1. 
tliey meet on the other side of EF, for the^ ai^gles LGH^ 
GHD, would then be two angles of a iriangle^ and less than 
two right ax^les^ ; but this is impossible, for the four angles f Cor. 6. i. 
KTGH, HGL, CHG, GHD, are together equal to four r^ 
angles^, of which the two, KGH, CHG are, by supposition^^gCor.Def.T- 
less than two right angles ; therefore, the other two, HGI^ 
GHD, are greater than two right angles. Therefore, since 
KL txtd CD are not pardlel^ and since Aey do not meet to- 
wards L and D, they must meet if produced towards Kand C. 

Cor. ^. Straight lines which .ase {lasaBfil lo the mam 
straight line, a^e parallel to one MKHthar. 

SchMum. This {Ntoposition ^vtggestu m <easy wielboA dif 
drawing a parallel to a given MMigm Une through a j^wen 
point. Let G be the point, «iid CD the vtraig^t line, 'ilaht 
H.al8f 3point in CD^ JMH GH, vcttUse tiie BXif^MGH^eqad^iU 
GHD\ and produce BG to A ; then is AB parallel to CD. h Sch. 4. 1, 
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PROP. XII. THEOREM. 

If a ride AB of any triangie ABC be produced to D, the ««•- 
terior angle CBD is equal to the two interior and opposite 
angles BAC, ACB, and the three interior angles of ang^ 
triangle ABC^ viz. ABC, BCA, CAB, are together eqtuxl 
to two right angles. 

Through the point B draw BE parallel to the straight 
cScIlII. line AC. Then, because AC is parallel to BE and CB 

meets them, the alternate angles 
a 11. L ACB, CBE are equal"". Again, 

because AC is parallel to BE, 

and AD falls upon them, the 

exterior angle EBD is equal to 

the interior and opposite angle 

CAB'; but the angle CBE 

was shown to be equal to the 

angle ACB ; therefore, the whole exterior angle CBD is equal 

to the two interior and opposite angles CAB, ACB ; to these 

equals, add the angle ABC, then the angles CBD, CBA 

will be equal to the three angles CBA, BAC, ACB ; but the 
bCor.7.De£ angles CBD, CBA are together equal to two right angles^ ; 

therefore, the angles CBA, BAC, ACB are also together 

equal to two right angles. 

Cor. All the interior angles of any rectilineal figure are 
equal to twice as many right angles as the figure has sides, 
wanting four right itngles. 

For any rectilineal figure, ABODE can be divided into as 
many triangles as the figure has sides, by drawing straight 
lines from a point F within the 
figure to each of its angles. And, 
by the preceding theorem, all the 
angles of these triangles are equal 
to twice as many right angles as 
there are tnangles, that is, as 
there are sides of the figure ; and 
the same angles are equal to the 
angles of the figure, together with 
the angles at the point F, which 
is the common vertex of the tri- 
d Cor. 2. 5, angles, that is, together with four right angles'^. Therefore, 
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twice 8» taaxty right tm^es as tke figure has sides, are equal t^ 
i9 all the angles of the figure, together with four right 
angles ; that is, the angles of the figure are equal t6 twice aa 
many right angles, as the figore ha» sides wantii% four. 



PBOP. XIII. THEOREM. 

If two triangles, BJC, EDF, ham two angles, BAC, ABC, 
and a siek AC m the one, equal to two angles KDFi 
DEF, md a e^n^espending side J>F in the other, ea^ 
id each, the triafiglei shaU be equal in e^erp respect* 

' • **■ ' >. 

For, sin«^ tirer anries in die one triangle«are r^pectively 
eqttal to^ two an^s m the other, the' ikird angle ACB in the 
one is equal to the third angle 

DFE itk Ae otib^. Now, if the B £ a 12. i 

triAngle ABC be ^jAied txy the 
tria&dgk! £Df , so that the point 
A may be on D, and AC lie 
along DF, the point C will also 
coincide with F, since AC is 

equal to DF^ ; but AG coinciding ^ ^""^n ^ '^"^ 

with DF, AB wiU faU along DE, 
because the angle CAB is equal to the angle FDE^ ; therefore, 
the point B will be found somewhere in the line D£. la 
the same manner, CB will fall along FE, because the angle 
ACB is equal to DFE, and the point B will there$)re idso 
be found somewhere in the line FE ; hence the point B is 
situated at the intersection of DE and FE, and will there- 
fore coincide with E. Thus, it appears, that the two tri- 
angles exactly coincide, and they are therefore equal in every 
respect^. Wherefore if two triangles, &c. Q. E. D. b Ax. 8. 



PROP. XIV. THEOREx\f 

The opposite sides and angles of any parallelogram ABCD 
are equal to one another, and the diameter BC biseots it, 
that is, divides it into two equal parts. ^ 

N.B.— -^ paraMelogram is a four-hided figure^ of which the opposite sides are 
parallel ; and the diameter is the straight line joining two of iti opposite 
angles. 

1. ; 
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Because AB is parallel to CD, and AC meets them, the 
alternate angles BAC, ACD, are equd to one another* ; and 
because AD is parallel to BC, and 
AC meets them, the alternate angles 
ACB, CAD are also equal to one an- 
other^ ; wherefore, the two triangles 
ABC, ADC, ha^e two angles BAC, 
ACB in the one, equal to two angles 
ACD, CAD in the other, each to 
each, and the side BC, which is adjacent to these equal angles, 
common to both ; therefore, the triangles are equal in every 
respect** ; consequently, the side AB is equal to the side CD, 
and AD to BC, and the angle ABC equal to the angle 
ADC. And because the angle BAC is equal to the angle 
ACD, and the angle CAD to the angle ACB, the whole 
angle BAD is equal to the whole angle BCD; and the 
angle ABC has been^shown equal to the angle ADC i there- 
fore, the opposite sides and an^es of a parallelograii^. are 
equal to one another. And since the triangle ABC is equal 
to the triangle ADC, the diameter of course bisects it. 
Therefore, &c. Q. £. D. 

Cor. The straight lines which join the extremities of two 
equal and parallel straight lines, towards the same parts, are 
also themselves equal and parallel. 



PROP. XV. THEOREM. 



Parallelograms upon the same bascy and between the same 

parallels^ are equivalent. 

Let the parallelograms ABCD, E6CF, be upon the same 
See the 2d base BC, and between the same parallels AF, BC, the pa- 
and 3d Fi- rallelogram ABCD is equivalent to the parallelogram EBCF. 
^'^^ . If the sides AD, DF, of the 
parallelograms ABCD, DBCF, 
opposite to the base BC, be ter- 
minated in the same point D, it 
is plain, that each of the paral- 
lelograms is. double of the tri- 
a 14. 1. angle BDC*, and they are there- 
fore equivalent. 

But, if the sides AD, EF, op. 
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jK)site to the base BC of the parallelograms ABCD, EBCF, 
be not tenninated in the same point, then, because ABCD is 
a parallelogram, At) is 

equal to BC» ; for the A D E P 

same reason, EF is 
equal to BC ; wher&» 
fore, AD is equal to 
EF, and DE is com- 
mon, therefore, the 
whole^ or the remainder 
AE, is equal to the 
whole, or the remain^- 
der DP ; now, AB is 
also equal to DC^, therefore, the 
two EA, AB, are equal to the 
two FD, DC, each to each, but 
the exterior angle FDC is equal 
to the interior EAB^, where^ 
foi«, the triangle E AB is equal 
to the triangle FDC^". Take 
the triangle FDC from the 
trapezium ABCF, and from 
the same trapezium take the 
triangle *EAB, the remainders 
will then be equivalent, that is, the parallelogram ABCD, is 
equivalent to the parallelogram EBCF. Therefore, paral- 
lelograms, upon the same base, &c. Q. E. D. 

Cor. 1. If the diagonals BD and EC be drawn, then the 
triangles DBC and EBC are equivalent, being the halves of 
the parallelograms ; hence triangles upon the same base, and 
between the same parallels, are equivident. 

Cor. 2, If .a parallelogram and a triangle be upon the same 
base, and between the same parallels, the parallelogram is 
double of the triangle. 

Car* 3. Equivalent triangles upon the same base, and 
upon the same side of it, are between the same parallels. 
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PROP. XVI. THEOREM. 

Parallelogramsy CABD, EFHGy upon eqtuil baaesy JB and 
GHy and between the same paraUeia CF and AHj are 
equivalent 

8 Sup. Join AE9 BF ; and because AB La equal to GH% and 
a 14. 1. GH to EF"", AB is equal to EF ; and they are parallels, and 

joined towards the same parts 

by straight lines AE, BF ; C I> E F 

but straight lines which join 

equal and parallel straight 

lines towards the same parts, 

are themselves equal and pa- 
b Cor. 14. rallel^ ; therefore, AE, BF 

are both equal and parallel, and EABF is a paraltelogram, 

and it is equivalent to CABD, because it is up^m the same 
c 31.1. base AB, and between the same parallels CF, AB^ For the 

like reiison, the parallelogram EFHG is equivalent to the 

same !tlABF. Therefore, ako the paralldogram CABD 

is equivalent to EFHG. Wherefore, paraUelograais, &c. 

Q. E. D. 

• ^ 

Cor. 1. Triangles upon equal bases, and between the same 
parallels, are equivalent. 

Cor. 2. Equivalent triangles on the same side of bases 
which are equal, and in the same straight line, are between 
the same parallels. 



PROP. XVJI. THEOREM. 

The complements BH and HD of the paraUehgram^ EK 
and GF, which are about the diameter AC of any pa- 
rallelogram, BD, are equivalent. 

Because ABCD is a parallelogram, and AC its diameter, 
a 14. 1. *^^ triangle ABC is equal to the triangle ADC* ; and be- 
cause EEHA is a parallelogram, and AH its diameter, the 
triangle AEH is equal to the. triangle AHK. For the same 
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rettion, tbe triangle H6C is 
equal to the triangle HFC ; 
the triangle AEH, together 
-with the triangle HGC, is 
equal to the triangle AHK, 
together with the triapgle 
HFC; but the whole tri- 
angle ABC, is equal to the 
whole triangle ADC ; there- 
fore, the remaining comple- 
ment BH is equivalent to the remaining complement HD. 
Wherefore, the complements, &c. Q. £. D. 



Boq!(I« 




PROP. XVIII. THEOREM. 

In any right-angled triangle, ABC, the square which is 
described upon the side AC, subtending the right angle 
ABC, is equivalent to the swm of the squares described 
upon the sides AB, BG, which contain the right angle. 

Upon AC, AB, and BC, describe the squares AE, AG, 
and BI ; produce DA to E ; and through B draw LBO pa- 
raUel to DK, meeting FG 
produced in O. 

The angle CAK is 
equal to the angle FAB, 
each being a right angle ; 
take away the common 
angle BAK, and the re- 
maining angle CAB is 
equal to the remaining 
angle F AE ; the angle 
ABC is also equal tathe 
angle AFE, being right 
angles, and the side AB 
is equal to the correspond- 
ing side AF, because they, 
are sides of a square ; 
hence, the triangles ABC and AFK are equal in every re- 
spect*; and, therefore, AK is equal to AC or AD. Now 
the parallelogram AL is equivalent to the parallelogram AO, 
because they are upon equal bases AD and AE, and between 
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BookL the same parallelB DE and LO^ ; and the square AG is alio 

T^^^ equivalent to the parallelogram AO, since they are upon the 

c ifi. h i^*^"^^ ^^^ ^"^9 ^^^ between the same parallels FO and AB^ ; 

therefore, the square AG is equivalent to the parallelogram 

AL. In like manner, by producing EC and IH, it may be 

demonstrated, that the square BI is equivalent to the parallelo* 

Eam CL ; wherefore, the whole square AGED is equiva- 
it to the two squares AG and BI, Therefore, in any 
right-angled triangle, 8ec. Q. E. D. 

Cor. If the square described upon one of the sides of a 
triangle, be equivalent to the sum of the squares described 
upon the other two sides, the angle contained by these twq 
sides is a right angle* 
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D£FI>ilTiONS. 



I. — ^A STBAIGHT line is said to touch a circle, when it Book ii. 
meets the circle, and being produced, does not cut it. The 
touching line is called a tangent. 

II. — Circles are said to touch one another which meet, but 
do not cut one another. 

III.— -An arc of a circle is any part of the circumference ; 
and the straight line joining its extremities is called a chord. 

IV.— Straight line$ are said to be equally distant from the 
centre of a circle, when the perpendiculars drawn to them 
from the centre are equal ; and the straight line on which 
the greater perpendicular falls, is said to be farther from the 
centre. 

V. — A segment of a circle is the figure contained by *<a 
straight line and the arc which it cuts off. 

VI. — An angle in a segment 4)f a circle, is the angle con- 
tained by two straight lines, drawn from any point in the cir- 
cumference of the segment, to the extremities of the straight 
line, which is the base of the segment. 
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?^^JIl ^^^' — -^^ **^ angle is said to insist or stand upon the 
arch intercepted between the straight lines which contain the 
angle. 

VIII. — The sector of a circle, is the figure contained by 
two radii, and the arc of the cirpumferepc^ between them. 

IX.— When all the angular points of one rectilineal figure 
are placed in the sides of another, and the one wholly within 
the other, the former is said to be inscribed in the latter, or 
the latter described ^bout the former. 

X. — When all the angular points of a rectilineal figure are 
in the circumference of a circle, the figure is said to be in- 
scribed in the circle, or the circle to be described about it. 

XI. — ^When the sides of a rectilineal figure are tangents 
to a circle, the figure is said to be described about the circle, 
or the circle to be inscribed in it. 
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8 Sup. 

a 4 1. 



b Def. 7. 



c3. 1. 



Book II. 

PROP. I. THEOREM. ^-^^^^ 

If a strai^ line CD, drawn through the centre E of a 
eirdey bisect a strait line AB in the drele, which does 
not pass through the centre^ it toUl cut it at right angles ; 
and if it cut it at right angles^ it will bisect it. 

Join EA and £B ; than, because EA ib equal to EB^, and ^^^^^ i^ef. 
AF to FB» and FE common to the two trian^, AFE and ^^ ^' 
BFE, they are equal in every respect*. 
Hence, the angle AFE is equal to the 
angle BFE ; and, therefore, each of 
them is a right angle^ ; wherefore, CD 
cuts AB at right angles. 

Again, let CD cut AB at right 
angles; CD also bisects AB. The same 
construction being made, because the 
radii EA and EB are equal, the angle 
E AF is equal to the angle EBF"" ; and 
the right angle EFA is equal to the 
right angle EFB, and the side EF is common to both ; there- 
fore, in the two triangles EAF and EBF, there are two 
an^es and a side in the one equal to two angles and a cor- 
refiponding side in the other ; therefore, the triangles are 
equal in every respect"^ ; AF is therefore equal to FB. d 13. i. 
Wherefore, if a straight Une, &c. Q. E. D. 

Cor. 1. If a chord be bisected at right angles by a straight 
line, that straight line will pass through the centre ; and, 
hence, if it be produced both ways to the circumference, and 
then bisected^ the point of bisection will be the centre of the 
circle. 

Cor, 2. If two chords be bisected at right angles, the 
point of intersection of the bisecting lines, will be the centre ' 
of the circle. 

Cor, 3. Hence a circle may be described about a triangle ; 
for if two of its sides be considered as chords, and be bisect- 
ed as in Cor. 2, the point where the bisecting lines meet, will 
be the centre of the circle. 

Cor. 4. Hence, also, a circle may be completed, of which a 
segment is given ; for the centre may be found as in the two 
last Cors. 
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Book 11. 

PROP. II. THEOREM. 

The dimimteT AD is ihegfwUeH straight Une in a circle; 
4ind ofaU othen^ BC, FG ; BCy whiah i^ nearer to the 
centre^ is atways greaitefr than F69 the one more remote, 
and the greater is nether to the centre than the leas. 

From the centre £, draw EH, EE, perpendiculars to BC, 

aCor.l.4.l.F6% and join EB, EC, EF; and because AE is equal 

to EB, and ED to EC, AD is equal 

to EB, EC ; but EB, EC, are great- 

bCor.Ax.i2.er than BC*' ; wherefore, AD is also 

greater than BC. 

And because BC is nearer to the 
centre than FG, EH is less than 
EE, but BC is double of BH, and 
FG double of FK<=. Now, the square 
of EB is equal to the square of EF, 
but the square of EB is equivalent to 
the squares of EH and HB^ and the 
square of EF is equivalent to the squares of EE and EF^ ; 
therefinre, the squares of EH, HB, are equivalent to the squares 
of EE, EF ; of which the square of EH is less than the 
square of EE, consequently, the square of BH is greater 
than the square of FE, and the straight line BH greater 
than FE ; and, therefore, BC is greater than FG. Next, 
let BC be greater than FG, BC is nearer to the centre than 
FG, that is, the same construction being made, EH is less 
than EE. Because BC is greater than FG, BH is likewise 
greater than EF ; but the squares of BH, HE, are equivalent 
to the squares of FE, EE, of which the square of BH is great- 
er than the square of FE, because BH is greater than FE ; 
, therefore, the square of EH is less than the square of EE, 
and the straight line EH less than FE. Wherefore, the 
diameter, &c. Q. E. D. 

Cor. Equal straight lines in a circle are equally distant 
from the centre ; and those which are equally distant from 
the centre, are equally distant from one another. 
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PROP. III. THEOREM. 

Of all the straight Unes that can he drawn to meet the dr- 
cumference of a circle, from any eccentric point, that 
which parses thnmgh the centre is the greatest; that 
which, when produced, passes through the centre is the 
least ; a/nd that which is nea/rer to the centre is greater 
than the more remote. 

Let O be the centre of the circle BCF, and A another 
point, from which the straight lines AB, AD, AE and AC 
are drawn to the circumference, 
AB passing through the centre is 
the greatest, AC the least, and AD j^ 
is greater than AE. \ 

Join OD, OE ; then, since CD c 
is equal to OB, AO and OD are Ml^ 
equal to AO and OB or AB ; but ■'-' 
OA and OD are greater than AD« ; 
therefore, AB is also greater than 
AD. Again, the two 
triangles AEO and 
ADO, have die two 
aides AO, OE respec- 
tirely equal to the two 
sides AO, OD, but the ^ 
angle AOD is greater 
Aan the ^le AOE^; 
therefore, the base AD 
is greater than the base 
AE"^. Again, because OA and AM^ are greater than OM*, 
and OM equal to OC, therefore, AC is less than AM ; and, 
by joining OM and OL, it may be proved by Prop. VIII., 
Book I., that AM is less than AL. In like manner, it may 
be shown, when the point A is without the circle, that AC is 
less than AM, and AM less than AL. 

Cor. 1. If, from any eccentric point, straight lines be 
drawn to the circumference, equally distant from the centre, 
they are equal. If AF and AE be drawn from A to the 

* To preserve distinctness in the figure^ the lines OL and OM are not 
actually drawn. 
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^^^ "• circumference, so that the perpendiculars OG and OH let 

""^^ fall upon them from the centre O, are equal, AF is equal to 

AE. It is obvious, that EH and GF are the halves of two 

equal chords, since they are equally distant from the centre, 

d Cor. 2. 2. ^n J consequently are equal**. Farther, AOH and AOG be- 
ing two right-angled triangles, having the same hypothenuse 
AO, and the equal sides OH and OG, it is easy to show (by 
the help of Prop. XVIII., Book I.) that AH is equal to 
AG ; and hence AE is equal to AF 

Car. 2. From the same eccentric point, there cannot be 
drawn more than two equal straight lines to th^ circumference 
of a circle. 

Cor. S. That point from which thr^e equal straight lines 
can be drawn to the circumference, is the oentrp of the circle. 

Cor. 4. One circle cannot cut another in more than two 
points. 



PROP. IV. THEOREM. 



The perpendicular AB^ at the ewtreimty of a diameter ACj 
is a tangent to the circle ; and no straight Ime can be 
drawn between the tangent and ciroumfBrenoey Jrom the 
ewtremity of the diameter , so as not to cut the circle. 

Let B be any point in the straight line AB, join this 
point and the centre D. Then, because DAB is a right 
angle, it is greater than the angle 

a Cor. 6. 1. jy^j^z . therefore, DB is greater 

b Cor. 7. 1. ^.jj^ ^ijg y^i^g D^b^ consequent- 
ly, the point B is without the circle. 
Now, B is any point whatever in 
the line AB ; therefore, AB falls 
without the circle. 

Again, between the tangent AB, 
and the circumference, no straight 
line can be drawn from the point 
A which does not cut the circle. Let AF be drawn in the 
cCor. 4.1. angle DAB; from D draw DE at right angles to AF"^ ; 
then, because the angle DEA is a right angle, DAE is less 
than a right angle* ; therefore, DE is less than the radius 
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DA^, consequently, the point E is within the circle ; and, ^^^ '^• 
therefore, AF cuts the drcle. Wherefore, the perpendicu- ^T^^CT 
lar,&c. Q.E.D. *'^'"-^' 

Cor. 1. At the same point, in the circumference of a circle, 
there cannot be more than one tangent. 

Cor, 2. If a straight line touch a circle, the straight line 
drawn from the centre to the point of contact, is perpendicu- 
lar to the line touching the circle. 

Cor. 3. The perpendicular to a tangent from the point of 
contact, passes through the centre. 

Scholium. The proposition suggests the method of draw- 
ing a tangent to the circle from any given point in the cir- 
cumference. For, if the given point and the centre be join- 
ed, a straight line drawn at right angles to this line, through 
the given point, will obviously touch the circle. 



PROP. V. THEOREM. 

The angle AEC, at the centre of a circle^ is double of the 
angle ABC at the circumference^ upon the same base AC, 
that iSf upon the same part of the circurnference. 

First, Let E, the centre of the circle, be within the angle 
ABC, join BE, and produce it to D. Because EB is equal 
to EA, the angle EBA is equal to the ^ 

angle E AB* ; therefore, the two angles ^^ — ^p^.^ a 3. i. 

EBA and EAB, are together double of 
the angle EBA ; but the exierior angle 
AED is equal to the two interior and 

•pposite angles EAB asMi EBA'', there- ( / y\^ \ ] b 12. i. 
fore, die angle AED is also double of 
the angle' ABE. F(»r the same reason, 
the angle DEC is double of the angle 
EBC ; therefore, the whole angle AEC 
is double of the whole angle ABC. 

Again, let E, the centre of the circle, be without the angle 
ABC, join BE, and produce it to D. It may be demon- 
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Book II. strated, as in the first case, that the 
angle DEC is double of the angle 
DBC, and that D£ A, a part of the first, 
is double of DBA, a part of the other ; 
therefore, the remaining angle AEC is 
double of the remaining angle ABC. 
Therefore, the angle at the centre, &c. 
Q. E. D. 

C(yr. The angles at the circumference, 
Tvhich stand upon the samq arc, are equal, or, which is the 
same thing, the angles in the same segment of a circlt are 
equal, because they are the halves of the angle at the centre 
standing upon the same arc. 




PROP. VI. THEOREM. 

* 

The opposite angles of any qugdrilateral Jigure ABCD, 
inscribed in a circley are together equal to two right 
angles. 

Draw the diagonals AC and BD. The angle CAB is 
a Cor. 6. 1. equal to the angle CDB*, because they are^ in the same seg- 
ment BADC, and the angle ACB is 
equal to the angle ADB^, because 
they are in the same segment ADCB ; 
therefore, the whole angle ADC is 
equal to the two angles CAB and 
ACB. To each of these equals add 
the angle ABC ; and the angles 
ABC, ADC, are equal to the three 
angles ABC, BCA, and CAB. But ABC, BCA, drid 
b 12. 1, CAB, are together equal to two right angles** ; therefore, the 
angles ABC and ADC are also together equal to two right 
angles. In the same manner, the angles BAD, DCB, may 
be shown to be together equal to two right angles. There- 
fore, the opposite angles, &c. Q. E. D. 

Cor, If one of the sides of a quadrilateral figure, inscribed 
in a circle, be produced, the exterior angle is equal to the in- 
terior and opposite angle. 

4 
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PROP. VII. THEOREM. 

In equal circles^ eqtml angles stand upon equal a/rchea^ 
whether they be at the centres or circumferences. 

Let ABC, DEF, be two equal circles, having the equal 
angles BGC, EHF at their centres, and BAG, EDF at 
their circumferences ; the arch BKC is equal to the arch 
ELF. 

Join BC, £F. Then, because the circles are equal, 
their radii are equal ; therefore, the two sides BG, GC^ are 





Bookir. 



equal to the two EH, HF ; and the angle at G is equal to 
the angle at H^ ; therefore, the base BC is equal to the base > ^"P* 
EF*. Conceive the circle ABC applied to the circle DEF, » 2. i. 
so that the points G, B, C, of the triangle GBC may coin- 
cide with the points H, E, F of the triangle HEF ; then, 
since every point in the arch BKC is at the same distance 
from the centre G, that every point in the arch ELF is from 
the centre H, and. the centres G and H coincide ; therefbre, 
the arches BKC and ELF also coincide, and, consequently, 
are equal. Wherefore, in equal circles, &c. Q. E. D. 

Cor. 1. In equal circles, the angles which stand upon equal 
arches are equal, whether they be at the centres or circum- 
ferences. 

Cor. 2. In equal circles, equal straight lines cut off equal 
arches, the greater equal to the greater, and the less equal to 
the less. For, if BC be equal to EF, it follows, (by Prop. 
IV., Book I.) that the angles BGC and EHF are equal; and, 
hence, that the arches BKC and ELF are likewise equal ; 
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Book II. and siBce t^e circles are .^qual^ 09B6«qiteiillj idie tvoAAig 
■**^v^^-^ arches BAG and EDF^are also eqmi 

Cor. 3. In equal circles, equal arches are subtended by 

equal straight lines. For, since the arches BKC and ELF 

are equal ; it follows from Cor.. 1., that the angles BGC and 

EHF are equal ; and, hence, that the bases BC and EF are 

b 2. 1. also equal^. 



PItOP. VIII. THEOREM. 

In a circle^ the angle BAC m a semicirle ia a ri^t a^^gtg^ 
but, the angle ABC in a segment greater ihanr a aemMr- 
cle, is less than a right angle ; and tJ^ ar^gie ADO, wi d 
segment, less than a semidrle, is greater than a right 
angle. 

Produce BA to F, takeE, the centre, and join AB. Then, 
because E A is equal to E6, the angle EAB is equal to the 
a 3. 1, .angle l^BA ;* also, because EA p 

is equal to EC, the angle 
EAC, is equal to Che angle 

ECA* ; wherefore, the whole /^ ^^/ ^^d 
angle BAC is equal to the two 
angles ABC and ACB. But,the 3 
exterior angle PAC is also equal 
to the two interior and opposite 
b 12. 1. angles ABC and ACB^ ; there- 
fore, the angle BAC is equal to 
the angle PAC, and they are adjacent angles, therefore e*ch . 

cDef.7. 1. of them is a right angle<= ; wherefore, the angle BAC in-« . 

semicircle is a right angle. ' * ' ' ^ I 

Again, because the two angles ABC, BAC, <rf tb^ ir i sngte ' 

d Cor. 6. L ABC are together less than two right angles^, and BAC is 21 ^ 
right angle, ABC must be less than a right an^e ; and, thefi^ . > 
for^^ tho jaQglo in ^ segmeliii ABC, greater thail a^sfemiciiwle^it ' ' 
less than a right angle. Fal^ther^ becauae ABGX>>ift a ^jttadiil** 
teral figure inscribed in a circle, any two if itsoppositi^aiigM i.* 
c 6. 2. ABC, ADC are together equal to two right angl^s^ ^ apd 
ABC iis less than a right angle ; therefore, the oth^r ADC 
is greater than a right angle. Therefore, in a circle, fee! 
Q. E. D. ' - ■' ■"' '^ ■••' * ''' ' * 
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Cor. From this, it is iiialftifest) that if oae angle of a tri* 

angle be equal to the other two, it is a right angle, because 

10 
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the mie adyftcent to it is equal to the same two ; ai 
the adjaoe&t angles are equal, they are right angles. 



FBOP. IX. THEOREM. 

The angles which the chords drawn Jivm the point cf^conkict^ 
makes with the tangent^ are equal to those in the alternate 
segments of the circle. 

Let CD be a tangent to the circle at B» and BE any chot^ 
drawn from the pomt of contact B, dividing the circle into 
the two segments BAE and BFE, the angles EBD and EBC 
will be reM)ectiYeIy equal to the angles EAB and £FB« 

From the point B, draw BA perpendicular to CD, join 
A£ ; and let the lines BF and EF be drawn to any pdnt 
F, in the arc BE. Because BA j^ 

is drawn at right angles to the tan- 
gent CD, from the point of contact 

B, it is a diameter'' ; therefore, the / ^^^ • Cor. 3. 4.2. 

angle AEB being in a semicircle, 
is a right angle^ ; and, consequent^ 
ly, the other two angles EBA and 

EAB, are together equal to a right \^ /^^^ c 12. i. 

angle*^; but ABD is likewise a 

right angle; therefore, the angle C B D 

ABD is equal to the two angles EBA and EAB ; take from 
tfaes^ equals the common angle EBA ; and there will remaiife 
th0 BSi^ EBDy equal to the angle EAB, which is in the al* 
tevnate segment of the circle;. Again, because AEFB is a 
quadrilateral figure inscribed in a drele, tlie opposite aiogka 
BAE and BFE, are together eoaal to two right angles^ $ d 6. 2. 
therefore, the angles EBD and EBC, being ^so equal to 
two right angles'^, are together equal to the two BAE «id eCe?. Ptf. 
BFE ; of which the ^ngle EBD has been shown to be equal 
to the angle BAE, therefore, the remaining angle EBC is 
equal to the remaining angle BFE in the alternate segment 
of the circle. Wherefore, the angk, &c. Q. £. D. 

Cor. If a straight line meet the circumference of a circle, 
dad make the angle with a chord, at that point, equal to the 
angle in the alternate segment ; it will be a tangent to the 
circle. 
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PROP: X. PROBLEM. 




Upon a given straight Une AB, to describe a segment of 
circle that shall contain an angle equal to a given recti^ 
lineal emgle C. 

First, let the angle at C be 

a right angle ; bisect AB in 
8Cor.2.4.l.F«, and from the centre F at 

the distance FB, describe the 

semicircle AHB ; the angle 

AHB being in a semicircle, is A 

equal to the right angle at C. 

But, if the aogle at C, be* tior a H 

right angle at the point A, in the 

straight line AB, make the angle 
b sch. 4. 1. BAD equal to the angle C*, and from 

die point A, draw A£ at right angles 
cCor. 1.4.1. to AD^ ; bisect AB in F, and from F 

draw FG at right angles to AB^, and 

join 6B. Then, because AF is equal 

to FB, and FG common, and the angle 

AFG equal to the angle BFG, the 

triangles AFG and BFG are equal 
d 2. 1. IB every respect^ ; and, consequently, 

AG is equal to GB : and the circle described froin the >eeiU 

tre '6, at the distance GA, will pass through the point B ; 

let this be the circle AHB ; and, because, from th« point A^ 

the extremity of the diameter 

AE, AD is drawn at right 

angles to AE, therefore, AD 

touches the circle^ : and be- 
cause theanglewhichthe chord 

makes with the 1;angent at the 

point of contact, is equal to the 

angle in the alternate segment 

of the circle^ ; therefore, the 

angle BAD is equal to the angle in the alternate segment 

AHB ;.. but the angle BAD is equal to the aqglc C^ ; there- 
fore, aho the angle C is equal to the angle in the. segnient 

AHB. Wherefore, upon the given straight line AB,*>i 
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segment AHB of a eivde has been described, containing an 
angle equal to the given angle C. Which was to be 
done. 




c9.2. 



PROP. XL PROBLEM. 

From a given circle ABC, to cut of a 9egment^ thai shall 
contain an afigle^€qual to a given rectUineal angle Z>. 

Take any point B, in the circle ABC, and through B 
draw the tangent EBF^ ; at the point B, in the straight line a Sch. 4. 2. 
FB, mate the angle FBC ^ k^ — -.^^ 

equal to the angle D»>. ^ /M^' >v , J'S*^*-^- 
Then, because EF is a 
tangent to the circle at die 
point B, and BC a chord 
drawn from the point of 
contact ; the angle CBF is 
equal tq the angle in the 
alteiasate. segment B AC*^ ; 
but the angle CBF, is, 

by construction, equal to the angle D, therefore, the angle in 
the segment BAC is also equal to D. Wherefore, the seg- 
ment B AC has been cut off from the given circle ABC, con- 
taining an angle equal to the given angle D, which was to be 
do»e. 

' iScholium, This proposition suggests the method of iiK 
tBcribing, tti a given circle, a triangle equiangular to a given 
triangle. For, if CBF be made equal to one of its angles^ 
and ABE equal to another, and AC joined, ABC will tMoin 
festly be a triangle equiangular to the given triai^le. 



PRpP. XII. PROBLEM. 

About Osgiven circle ABC, to describe a triangle eqwangu- 

lar to a given tria/ngU DEF. 

; jPxoduc0 EF both wa]^, to the points 6 and H« Find the 
centre K of the given circle ABC% and from it draw any 
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a Cor. 1.1.2. 
b Sch. 4. 1. 
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DFH^ ; and through the poiftts A, B, t. draw the tangents' 

g Sch. 4. 2. LAM, MBN, apd NCL«. Then, because tV^^ MN, ancl 
NL ar^ tangent^, tod.AK, BK, CK are drawn from the 
pointer of contact to the centre, the angles at A^ B, and* C 

c Cor. 2. 4.2. are right ^ngl^s^. And because the four angles of tne 
quadrilateral Bgure AMBE, are together equal to four fighC 

d CoF. L 12. angles* ; and because two of them KAM and KBM are right 
angles, the other two AKB, AMB, are together equal to two 
yigl^t an§le» : But the angles DEF, DEG, are also together 

e Cor. Def. ^qual to twQ right angles^ ; therefore, the angles AKB, AMB, 
^- ^- ure equal to the augl^ DEG, DEF, of which AKB is equal 
to DEG ; wherefore, the remaining angle AMB, or LMN 
is equal to the remaining angle DEF. In like manner, it 
may be shown, that the angle LNM is equal to the angle 
DFE ; iand, therefore, the remaining angle MLN is equal to 
the remaming angle EDF^ : Wherefore, the triangle LMN ii^ 
equiaBgular to the triangle DEF ; and it is described about 
the given circle ABC. Whieh wasf to be done. 
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PROP. XIII. PBtOBLEM 



To insert drcte in a given triangle ABC. 



Bisect each of the angles ABC, ACB, by the stni^t Hnes 
» Cor. 2.4.1. BB^ cD^^ meeting one *iiotiher in the^ poJirt'D^ fifem^iiikdli 
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diaw TXE, DF, DG perpen- A. bqA iu 

dicolsr to AB, BC> CA te«- 

roectively**. Then, because / \ bCor. 1.4.1. 

the angle BBD ib equal to the 

angle FBD, the angle ABC 

beliig bisected by BD; and 

because the right itngle BED 

is equal to the right angle 

BFD, and the side BD com- 

mon to the two triangles BED B F C 

and BFD, they are ^qoai in every respect<^ ; and, therefore, c la. i. 

DE is equal to DF. In the same manner^ it may be fehowtij 

that DG'is equal to DF ; therefor^, the three straight lines 

DE, DF, and DG are equal to one another, and the circle 

described &om the centre D at the distance of any dhe of 

them, will pass through the extremities of the other two, and 

will touch the straight lines AB, BC, CA, because the angles 

at the points E, F, G are right angles r Therefore, a circle 

EFG has been inscribed in the given triangle ABC. Which 

was to be done. 

The following problems are so simple, that it is thought 
uwece99a^ to subjoin the figure^ : — 

PROP. XIV. PROBLEM. 

To inscribe a square in a given circle. 

Draw two diameters at right angles to one another, and 
join their extremities. 

PROP. XV. PROBLEM. 

To describe a sqtia/re about a given circle. 

Through the extremities of two diameters at right angles, 
draw tangents. 

PROP. XVI. PROBLEM. 

To inscribe a circle in a given square. 

7l>e inteosection of the diagonals is the centre, and the 
perpendicular from it on a side the radius. 
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PROP. XVII. PROBLEM. 

To describe a circle about a gwen sqtiare. 

The intersection of the diagonals is the centre, and ita 
distance from one of the angular poii^ta; the radius. 

PROP. XVIII. PROBLEM. 

To inscribe an equilateral aii4 eguia^tdar hewagon in a 

given circle. 

The radius of the cisdaia the side 

PROP. XIX- PROBLEM. 

To describe an equilateral and equiangular hexagon about 

a given circle. 

Divide the circumference into six equal ]^irt8,*lAffMn**flie 
preceding problem, and through the points 6f -^dttoij' dtift% 
tangents. 
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DEFINITIONS. 

I.-— Every rigfat-anglo^ parallelogram or rectangle^ is Book ill. 
said to, be cop,taiQed by any two of the straight lines which 
«iv^ about one of its angles. Thus, the ri^t-angled paral- 
lelogram AC, is called the rectangle contained by AD and 
DC, or by AD and AB, &c. For the sake of brevity, in- 
stead of the rectangle contained by AD and DC, we shall 
simply say, the rectangle AD.DC, placing a point between 
the two sides of the rectangle. Also, instead of saying the 
aqitare of any line, for instance of AD, we shall occasionally 
write AD^. 
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II. — In every parallelogrsm, 
any of the parallelograms about 
a diameter, together with the 
two complements, is called a 
Gnomon, Thus, the parallelo- 
gram HG, together with the 
complements AP, FC, or the 
parallelogram £K, with these 
same complements, are the gno- 
mons of the parallelogram AC. 
These gnomons may also, for the sake of brevity, be called, 
the first A6K, or EHC, and the second, AEG or HEC. 
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Book III. Every quantity Ls measured by some other quantity of the 
same kind, of a known magnitude. Thus, a line is measiu-ed 
^"""^y a line, a surface by a sUr&ce, and' a solid by a solid. 
The measuring unit in the case of lines, may be an inch, a 
foot, a yard, &c. ; in the case of surfaces, a square incli^ 
square foot, square yard, &c. \ aijd, in the case <^ solidnk, a 
cubic inch^ cuUc foot, cubic yard^ &<w 
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XBlf MA. 

Thk pr&duci of th$ two numbers tvhief^ e^ppres^ ike lengikSy 
. of ^ adjacent Hd&s of a reeianglef tvitl ewpress the area 
or quantity of surface contained in it, as measured by th^ 

square descHbed upon the linear unit. 

. • • • • • 

!Let ABDC be a rectangle, and Ah the linear unit, or unit - 
oi length ; • then, if AB ^ntain this unit 6 times, and AC . 
Si times, the rectangle will contain a space equal to 18 tim^ 
the square described upon Ab. 

If^ through the points of section A ^R 

Ui A^. md AC, pi^allela he 
^liwpi aa iji iliQ figure, thm it 
id maini&Bt, that ^»ch of the small 
surfaeaa is «qual to the square 
described on Ab. Now, in the 



1^1 1 * 



i* 



^ 



■^ i^r 



J K 



jr^r^ I ■*! / .» 



,1 r 



J 



flgiH^i thei^e are as many squares C I> 

iiiFli^4*6W, In there are linear units 

iaff'A^,'«td lis many rows as there are linear units in AC ; 
hMieei tkir w&de number of squares will be expressed by the^ 
product cf the units in AB by those in AC. In the. pre^ 
sent case, the area will be equal to 6 x3 = 18. The same 
might be shown to hold, although the sides may not be ex- 
pressed by whole numbers. Thus, if the length of a rect^- 
angl^ were 8| inches, and its breadm 4| inches, then its area 
will be equal to 8| X 4 J = 89f square inches. ^ * <. ^ 

.Cor. The area of a geometrical square is equal tO" Ae vtun 
mefic;a1 fi^nareof inside. Hence the reason why th^ pro^ 
duct of a number by itself is called the cgt^o?^ of the number. 

By means of the ^ece^nj^ )emma» th9 atud^i&l; ifiU ba 
enabled to ill^st^at^ tl^e fQUQv;i^.prfltp8 i ri fl ^a oW W»»CiMB« 
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^Km- G, draw HK paraUel to AB or DE. 
^^^"'"'^^ The exterior angle C6B is equal to A 

a 11. 1. the interior angle ADB^, And, there- 

b 3. 1. fore, also to CBG^, consequently, CB n 
cCor. i.3.i.ig equal to CIG"^ ; but CB is equal to 

d 14. 1. GK, and CG to BK^, wherefore, the 
parallelogram CBKG is equilateral. 
It is likewise rectangular, for the angle 
CBE being a right angle, it follows 
that its other angles are also right 

• 11. 1. aaglcQ^ ; wherefore, CBKG is a square, and it is upon CB. 
For the same reason, HF is also a square, and it is upo^ 
H(J, which is equal to AC** ; therefore, HF and CK are thfe 
squares, of AC and CB. The complements AG and G£ are 
equivalent^, but AG = AC.CG = AC.CB ; therefore, also 
GE = AC.CB, and AG+GE = 2AC.CB. JVow, HF = 
AC?, and CK-CB*; therefore, HF+CK+ AG+6E = 
ACHCB*+2AC.CB. But HF+CK+AG+GE= the 
whole AE = AB^ ; therefore, AB« = AC2+CB2+2AC.CB. 
Wherefore, if a straight line, &c. Q. E. D. 

• 

Cor. 1. From this demonstration, it is manifest that the 
parallelograms about the (fiameter of a square aire likewiae 
iquares. . ^ 

Cor. 2. The square of any line is equivalent to four times 
the ;5quai;e of half the line. .' ' ' ' 

Cor. 8. If a straight line AB, be divided ,into ^ny.^fy^o 
parts, AC, CB, the squares of the whole line, and of on^^.gf 
the parts, are equivalent to twice the rectangle Qontaui^,^ 
the whole, and that part, together with the square of the 
other part. By the Prop. AB^ - AC'+CBt*+ 2ACCB, 
add CB^ to each; then ABHCB' = AC« + «CB*> 
2AC.CB ; but, AC.CB +CB2 - AG+ CK =: AK - ABBK 
= AB.BC ; and, therefore, twice 2AC.CB 4- 2BC« -st: 

2AB.BC. Hence, ABH BC^ = 2AB.BC+ AC^. 

... • • ' 'J 

. Cor^ 4. IJence the sum of the. squares of any twx> J^fi^;)^ 
equivalent to twice the rectangle .contained by, the ^^nipi|^^. 
gether with the square of the i^eire&ce 9f the hiif^ ... ., 
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The recian^ contained hy the svmand ^ffkrence. of two 
straight Unee JB, and BCia equmcUent to the differenoe of 
their squares. 

Or, (AB+BC).(AB— BC) = AB« — BC*. 

,. Frpm BA, .cut off BD, equal to BC. Then is AC the sum 
of the tijTo. lines AB and BC, and AP their difference. On 
AB, describe the square ABEF, 
and join AE; through D, draw ^ 
iDG parallel to AF or BE ; also 
through L draw HLMK pa- 
rallel to AB or FE, meeting 
CK, drawn parallel to AF or BE, jj 
ii^ the point K. Then, because I^l\ Im K 

BC is equal to BD, and BD to 
LM,* therefore, BC is equal to 
LM, and, consequently, 6M is 
equal to BC^^i Again, because BE is equal to BL<^, andbCoT.1.2.3. 
BL equal to LF«^, being complements, therefore BK is equal ^ ^®' ^' 
taLF ; to each add AM ; then AE is equal to the gnomon 
GAM. But AE = AC. AH = ACAD, (because AH = 
AD being sides of a square) = (AB+BC).(AB — BC). 
MLid the gnomon GAM = PB— GM =AB2— BC; there^ 
fotft, (AB+ BC).(AB— BC) = AB«— BC«. Whetcfore,ifcB 
i^edt&gie, &c. Q. E. D. 

^j CWv 1.^ If a straight line AB be divided into two equal 
:ff«tf» ^B^ CEj and also into two imequal parts AD, DB ; 
iJ^ .^^tangl^ ADJDB^ contained by the unequal segments, 
together ya^ the .square of CD, the line between the points 
of section is equivalent to the square of AC qc CB half the 
Une. For AD is the sum of AC, CD, and ' DB is their 
UiffiTrence. Now, by the Prop. ^ 
AD.UB=r AC2— CD*, arid conse- »- 
quently AD.DB + CD* = AC*. 

Cor. 2. If a straight line AB be bisected in C, and pro- 
duced to any point D, the rectangle AD.DB contained by the 
whole line thus produced, and dbe part produced, together 
with the square of CB, half the line bisected, is equivalent to 



C 



I> 

-4— 



B 

-1 ! 



-KUWilrMi 



lUA^t square of CD, the line made up of the half, and the part pro- 
' duced. For AD itothe sum of AC, a c B d 
and CD, and DB is thdr difl^enoe, 



>*i^>«i*«i^i»- 



and hence, as before, by the Prop. AD.DB = CD*— CB*, 
or AD.DB + CB* s: CD*. 
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PROP. IV. THEOREM. 

If a straight line AB he divided into two equal parts AC, 
CBj and also into two unequal parts ADy DB i the 
squatea of the two unequal parts are together double of 
the square of half the line^ and of the square of the Ime 
CDf between the points of section. 

Or, AD^ ,+ DB« = 2AC^ .+ aCD«. 

From the point C, 
d^w CE at right angles to 
AB, and make it equal to 
AC or CB, and join AE, 
EB ; through D, draw DF 
parallel to CE, and through 
F, draw FG parallel to AB, 
and join AF. Then, be- 
eaujse the angle ECA is a 
right angle, the two others 

CEA and CAE are together equal to a tight «Dffle" ; 'fttljl 
they are equal to one another, becaiise CE is equu to CA^^ 
therefore, each is half a right angle : For.iihe 8ame)xeattHiv**Gh 
^f the angles CEB and CBE is half a right angle ; tberefor^^ 
tl^e whole angle AEB is a right angle : And because GEFi* 
half a right angle, and EGF a right ande,OPE is also half 
c Cor. 1. 8. a right angle*^, and, therefore, equal to GEF; oeaidequeh^ 
6£ is eqiw to GF^ In the Bameniami^r/it'm^beshofwn', 
dial, that DP is equal to DB. Now, AE^ = AC* 4 CE*^ == 2AC«; 
and EF^- EG^ + GP'=r 2GF»= aCD*, because CD ±t OF ; 
therefore, AE'^ + EF^= 2AC«,+ 2CD'; but AB* + EF^»=: 
AF2d; therefore, AF^ = 2AC* + 2CD*. , , Again, AF«=J 
AD« + DF^** = AD2 + DB% feecause DB = DF ; thera. 
fofe,AD* + DBF;teaAC*-»-8CD». '^fcwrfow^ifi 
Utte^bd Q. £. D. 
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PROP. V. THEOREM. 

3%d upwre of we qf.the asides qf a triangle is greater or 
leas than the sum of the squares of the'other two sides^ 
hy twice the rectangle contained by the hose and its seg- 
ment, intercepted between the perpendicular and the av^ 
gte opposite to that side, atxording as that opposite angle 
is obtuse or acute. 
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' Fin^, let ABC be an obtase angled-triangle, ha^dng the bb^ 
tttse angle ACB ; let AD be drawn perpendicular to BC too- 
duced.* Then AB« is greater than BG«+AC« by 2BC.CD. 
Because BD is divided into any twtt parts in the point' C, 
BD« = BCHCD«+«BC.CD* ; add AD* to both ; then BD« 
+AD* = BC^+CD«+ AD*+2BC.CD. A 
But BD^+AD^ = AB2b, and CD^ + y^. . . b 18. i. 

AD«=;= AC^b, therefore, AB^=z^C^+ 
AC2+2BC.CD; ^Ao^ i*, AB« is greater 
than BC2+ AG«, by 2BC.CD. Again, ^ 

let AEB be an acute angle of the triangle ABET Th^ni 
in this case, AB* is less than BE*+EA* by twice thq 
rectangle BE.ED. Because BE is divided into any two 
parts iaAe point D, BE^+ED^ri 2BE.ED+BD**'; add cCor. 3.2.3. 

AD2 to both ; then BEHED^+AD* =z 2BE.ED+BD*+ 
ADM but ED2+AD* = EA^M and BDHAD^zzAB^i . 
theref(«e BE^+EA^ = AB*4. SBE.ED ; or AB^ is^less tha» 
BE*+AE2 by 2BE.ED. 

. Cor. l.*-^If a straight line AC be drawn fix»m the vertex A 
of tfny triangle ABD, so aa to bisect the base, BD, the sum of 
thiQ isqklare&of «he other two sides AB, AD^ is double of flie 
Mldaoelof^BC hdf the side biisected, und of the square of AC 
^ihiaedAog line. ' For, as i&>ahown la the pK)po$ition AB^ ** ' ' ' 
;wBC?-fiAC^+2BC.CD=r 2BCHAC2+CD^ (because BC 
r= CD ;) add AD^ to bodi ; then ABH AD^ ^ ^BC^+ AC* ' 
+»a[^+AD8ni «BC-+2ACV because CD2+ AD« =.AC^ K b is. i. 
~ Cori i. I'he dttm of thesquates of the sides of any pa^Tiati 
Jelogtam, is equival^t to the sum 0t the squares of its . d^ 
inoteiis. ' /^ 

' €br.^3. Any angle of a triangle is obtiise, right, or acute^ 
according as die square of the of^posite side is greater t&an^ 

* If ACB be an obtuse angle, it U easy' to show that the perpendicular A D 
will fall witlioat the triangle ABC. And if ABB be an acute angles then AD 
wUl faU within the tomglc ABB. 
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PROP. VI.. THEOJIEM. ' . 

^^tra straight lines AC^ BD^ unthm a drclefCut.one ofiCM 
Jher, the recttmgle JKEQ wmtmined, by the seg9pen/ts qf 
the one, is equivalent to ths reeta^igf^ BM.ED con^ 
iained by tk^ segments of the other* • 



>' 




If AC, BD, pass each of them ^^ 
through the centre E ; then it is evi- 
dent that AE, £C> BE, andED.be- 
ing all equal, the rectangle AE.EC ^ 
= BXED. 



But let one of them BD, pass through the centre, and cut 

the other AC, which does not pass through the centre at 

right angles in the point E ; then if BD be bisected in F, F 
aCor. 1. 1.2. is the centre*; join AF. Then be- 

causeBP passes through the centre, and D 

cuts AC, which does not pass through 

the centre at right angles, it also bisects 
b. 1. 2 it^; therefore, AE is equal to EC. And 

because BD is cut into two equal parts 

in the point F, and into two unequal 

parts in the point E, BE.ED4. EF« 
c Cor. 1.3.3. --. PB2 c = AF2. But AF* = AE*+ ^ 
dis. 1. EF^d; therefore, BE.ED + EF* = 

AE2+EF2, and taking EF* from each, 

there remains BE.ED=AE«= AE.EC. 
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Next, let BD pass through the centre, atid cut AC, whU^ 
does not pass through the centre in E, but not at right atifgles V 
then, as before, if BD be bisected in F, F is the cJentw'f 
join AF, and from F, draw FG per- ^ 

pendicular to AC ; therefore AG is 
equal to GC^ ; wherefore AE.EC + 
EG* z= AG* % and adding CF* to 
both AE.EC + EG*+GF* = AG* 
+ GF*. Now EG*+GF« = EF*d; 
and AG* -|- GF* = AF* = BF* ; 
therefore, AE.EC + EF* =:BF* ; but 
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c Cor. 1.3.3. 



+ EF' ; and taking £F' from both, there Temtam the tect^ 
angle AE.EC = BE.ED. 

Lastly, let neither of the straight lines AC, BD, pass 
throiigh the centre P. Through 
the point E, die intersection of AC. 
BDv ^TB,vr the diamater HFEG. 

Tfhcn/by the last case, AE, EC=r / \ YD 

GE.EH, and BE.ED = GE.EH ; 
therefore,AE.EC=BE.ED. Wher^ 
fore, if two straight lines &c. Q,ED. ^ 




fiar. I{f froflft.any point in the circumference of a circle, a 
peiroei^dicidar be drawn to the diameter, the square of this 
pwppndicular, is equivalent to the rectangle under the seg- 
ments into which it divides the diameter. 



PROP. VII. THEOREM. 



IffronLony point JD, without a circle^ two straight lines be 
dvo.wnj one of which DA cuts the circle^ and the other 
t)B touches it ; the rectangle AD.DC contained by the 
whole lithe which cuts the circle^ and the part qf it without 
the circle^ is equai to the square of DBy the line which 
touches U. • 



First, lefc DCA pass through the 
centre E, join EB; then the angle 
EBD is a right angle"^ ; and because 
the straight line AC is bisected in E, 
and iwoduced to D, AD.DC +EC2 
= ED^b, OT AD.DC+EB2 = ED^. 
But ED2 = EBHBD2<^ ; therefore 
AD.DC+EB2 = EBHBDSandtak- 
ing EB^ from both, there remains the 
rectangle AD.DC = DB^ 
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a Cor. 2.4.2. 

b Cor. 2.3.3. 
c 18. 1. 
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Ag^, suppoae that DCA dftes 
noi pa80 thvoiigh the centre £. Dtaw 
EF perpendculaT to AC, then is AF 
equal to FC^ ; join EB, EC, and ED. 
Then, as before, AD.DC + CF^ = 
DF^S and adding FE* to both AD.DC 
+CF»+FE2 = DF«+FE«. But CF^ B 
+FE* = CE2 = BE2 ; and DF«+ 
FE* = DE^ = DBHBE^S because 
the angle DBE is a right angle"^ ; there- 
fore, AD.DC +BE'= DB«+ BESand, 
taking BE^from both, there remains the 
rectangle AD.DC = DB^. Where- 
fore, if from any point, Sec. Q. E. D. 

Cor. 1. If, from any point without a circle, there be drawn 
two straight lines cutting it, the rectangles contained by the 
whole lines, and the parts of them without the circle, are equi* 
Talent. 

Car, % If from any point without a circle, there be drawn 
two tangents to it, these tangents are equal. 

Cor, 3. If from a point without a circle, there be drawn 
two straight lines, one of which cuts the ci^le, and the other 
meets it ; if the rectangle contained by the whole line wbiclt 
cuts the circle, and the part of it without the circle, be equi- 
valent to the square of the line which meets it, the fine which 
meets also toaches the circle. 
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BOOK IV. 



OEFIMITIOKS. 



I. — Similar rectilineal figures are those which have thdr Book IV. 
sereral angles equal, each to each, and the sides about the 
equal angles proportionals. 

II.**— Two rides of one figure are said to foe reciprocal^ 
proportional to two sides of another, when one of the sides of 
the first is to one of the sides of the second, as the remaining 
flide of the seeond is to the remaining side of the first 

III.— The altitude of any figure is the straight line drawn 
fiom its vertex perpendicular to its base. 



N 




194 SLSME1QTS 

Book IV. 

PROP. I. THEOREM. 

* Triangles of the same altitude are to one another as their 

bases. 

Let the triangles ABC, ACD, have the same altitude, 
viz. the perpendicular drawn from 
the point A to BD. Then the tri- 
angle ABC is to the triangle ACD, 
as the base BC is to the base CD. 

Case 1. When the bases are com- 
mensurable. 

If BC : CD : : m : n, then 
A ABC : A ACD also as m : n. 

BO 1> 

For BC being divided into as many equal parts as there are 
units in m, BD will contain as many such equal parts as there 
are units in n ; the division being made, and straight lines 
drawn from A to the several points of section, it is manifest 
that the whole triangle ABD will be divided into m +n, equal 

aCor.i.l6.K triangles*. Now, the a ABC will contain as many of these 
equal triangles as there are units in m, and ACD as many of 
them as there are units in n. Hence, A ABC : A ACD : : m 

b 111. Alg. : n ; but BC : CD by supposition as m : n, and therefore^ 
A ABC : A ACD : : BC : CD. 

C(Me 2. When the bases are incommensurable^ . .,{ 

' From the demonstration of Case I., it is obviouf, tfk^tat ^C 

be greater than ^ of CD, but less than ^^ of CD, tben 

the A ABC will be greater than — of a ACD^ bift lessthan 

. — ^ of ACD, however great the magnitudes' m and n ni^y 

c 124. AigVbe ; and henceS that the a ABC : a ACD : : BC : CD.< — 
Wherefore triangles, &c. Q. £. D. 

CoF, 1. ParaUelograms of the same altitude are ^ ope an- 
other as their bases.. ,../..% 

Cor 2. Triangles and parallelograms on the same base are 
to one another as their altitudes. 
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' 4!boir«r. 
PROP. n. THEOREM. ' ^-^*— ^ 

Ifu strai^i line DE he drawn parallel to one of the sides 
BCy of a triangle ABC, it wiU cut the other sides^ or 
the other sides produced propofttonaUy ; amd if the sides, 
or the sides produced^ he cut proportionally ^ the straight 
line which joins the points of section y will be parallel to 
the remaining side of the triangle. 

Join BE and CD ; then the triangle BI)!E is equivalent 
to tlie triangle CDE*, and therefore the triangle BDE; tri- a Cor. l. 
angle ADE : : triangle CDE : triangle ADE*. But the tri- 15. i. 
angle BDE : triangle ADE : : BD : DA^ ; and the triangle b i. 4. 
CDE : triangle ADE : : CE : EA. Hence BD : DA ; : CE 
: EA^ c 111. Aig. 
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Again, if BD : DA : : CE : EA, then is DE parallel to 
BC. The same construction being made, we haVe, by sup- 
poiSltion, BD : DA : : CE : E A, but BD : DA : : triangle 
BDE : triangle ADE, and CE : EA : : trifmgle CDE : tri- 
mi^ ADE^, therefore the triangle BDE :. tri^ingle. ADE 
: : triangle CDE : triangle ADE% that is, the triangles ,BDE 
'and CDE bav« the same ratio to ADE, and, therefore, 
SPEanA CDE are equivalent; and they are up(>nttbe same 
hs^ DE, hence they are between the same parallels^, jllvere* d Cor. 3. 

16. 1* 

* It is hardly necessary to prove, that equal magpitudes have to the 
same the same ratio ; or that magnitudes which have to the same the 
sanle ratio^ are e^ual to one another. If a and b be two equal quanti- 

ties> and c a third quantity, then j = ~^ and hence a: c :: bic» Con- 
veraely, ifa;c::b:c, then -- s: —, and hence a = £. 
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*2*iy- fore DE is parallel to BC. Wherefore, if a Btraight line, &c. 
'^ir\Z Q- E. D. 



PROP. III. THEOREM. 

If the vertical angle BAC of a tHangle ABC^ he bisected 
by a straight line AD^ which also cuts the base, the seg- 
ments BDj DC of the base shall have the sa/me ratiOy 
which the other sides BA, AC of the triangle have to one 
another : And if the segments of the base have the same 
ratio which the other two sides cf the triangle hate to one 
another, the straight line, drawn froth the vertex to the 
point of section, bisects the vertical angle. 

iTlirouA C, draw CE parallel to AD, ttieettng BA pro- 
dueed in El. The exterior angle BAD is equal to the nite- 

b 11. 1. nor and opposite an^e AEC^, and the dtemate langles 

DAC and ACE are likewise equal^ ; but the angle BAD is, 

by supposition, equal to DAC, therefore, the angle AEC is 

cCor.l. ai.equal to the angle ACE, and hence AE is equal to AC^ 

Ajid because AD is parallel to EC, a side of the triangle 

d 2. 4. BC E^ BA : AE : : BD : DC^ ; but AE has been diown to 
be equal to AC, therefore BA : AC : : BD : DC. 

Next,ifBA: AC::BD: E 

DC, and AD be joined, the 
angle BAC is bisected by 
the straight line AD. The 
same construction being 
mad^ ; because AD is paral- 
lel to EC, BA : AE : : BD 
: DCS but BA : AC : : BD ^ 
: DC by supposition ; hence 3 3> O • 

• 111. Aig. BA : AE : : BA : AC% that is, AE and AC have the same 
ratio to BA, and therefore AE is equal to AC, and, conse- 
f 3. 1. quently, the angle AEC is equal to the angle ACE^. Now, 
BAD is equal to the angle AEC, and DAC to ACE^ ; where- 
fore, also, the angle BAD is equal to the angle DAC, that is, 
the angle BAC is bisected by BD. Wherefore, if the verti- 
cal angle, &c. Q. E. D. 
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PROP, IV. THEOREM. 




T^ Mdea about the equal angles of eqma/ngular triangles 
are proportionals ; and those which oflre opposite to the 
equal angles are homologous sides^ that w, ot^ the anteoe^ 
dents or consequents of the ratios. 

Let ABC, DCE b6 equiangular triangles, having the angle 
ABC equal to the angle DCE, ACB equal to DEC, and, con- 
sequently*, B AC equal to CDE, then will the sides about these » 12. 1. 
equal angles be proportionals. 

Let the triangle DCE be so placed, that its sides CE may 
be contiguous to BC, and in the same straight line with it. 
And because the angles ABC, ACB, are together less than two 
right angles^ ABC and DEC,which is equal to ACB, are also ^ ^'' ^- *• 
less than two right angles, 
wherefore, BA, ED produced 

shall meet*^ ; let them be pro- / \. cCor. l. 

duced and meet in the point 
F, and because the angle 
DCE is equal to the angle 
ABCS DC is parallel to FBd. / \ /\^ ^^^\ 

Again, because the angle " 

ACB is equal to FEBs AC B O £ 

is parallel to FD"* ; therefore, AFDC is a parallelogram, and, 

consequently, AF is equal to CD, and AC to FD*=. Now * ^^ *• 

because AC is parallel to FE, a side of the triangle BFE 

BA : AF : : BC : CE^, but AF is equal to CD, therefore, '^ ^ 

BA : CD : : BC : : CE, and alternately BA : BC : : CD : 

CE*. Again, because CD is parallel to BF, BC : CE : : FD : g 112. Alg. 

DE, but FD is equal to AC, therefore, BC : CE : : AC : 

,DE, and alternately BC : CA : : CE : ED^. Lastly, since 

it has been proved that B A : BC : : CD : CE, and BC : 

CA : : CE : ED, by multiplying the corresponding terms of 

these analogies together, we have BA x BC : BC x CA : : 

CD X CE : CE X ED°^, and, therefore, by dividing the first «» l»- Alg. 

two terms of the analogy by BC, and the last two by CE, 

BA : AC r : CD : DE^ Wherefore, the sides, &c. Q. E. D. ^ H8. AJg. 
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PROP. V. THBOREHl 

If the sides of hoo triangles ahouit each of these dfigii^' he 
' proportionals^ the triangles shall be equidngviar, and have 
their equal angles opposite to the homologous sides. 

Let the triangles ABC, DEF, have their sides propor- 
tionals, so that AB : BC:;DE: EF,andBC: CA::EP: 
FD, and, consequently, from composition and 'simplifieation as 
in Ae last proposition, BA : AC : : ED : DF, the tritoagle 
ABC is equiangular to the triangle DEF. Prom AB wt 
pff AG equal to DE, 
apd draw 6H parallel 
to BC. Thqi the trian- 
gules ABC and AGH, 
naving the angle at A 
common, and AGH 
equal to ABC, and 
AHG to ACB are 
equiangular. Then AB : 
*^^ BC : : AG : GH% but » ^*^ 

AB : BC : DE : : EF by supposition, therefore, AG :.GH : : 
b 111. Alg. DE : EF^, but AG is equal to DE*^ ; therefore, AG : GH : : 

b in!"Ai ^^ ' ^^^> ^^^ ^^ ^^ ^9^*^ ^^ ^^'» therefore, GH equaj to 
c Cots. ^ EF*. In the Same manner, it may be prov^, that A0 is equal 
tp DF ; henqe the two triangles AGH, and DEF haying the 
three sides of the one rei^ctirely equAl to the three sides of 
« 4. 1. the other are equal in every respect^ ; and therefore, the angle 
at A equal to the angle at D, the angle AGH, that is, ABC 
equal to DEF ; and, consequently, the third angle ACB equal 
toDFE. Wherefore, if the sides, &c. Q. E. Di , ., 
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PROP. VI. THEOREM. ' . 

If two triangles have one angle in the one^ equal ti» one 
angle in the other, and the sides about the equal fingles 
proportionals, the triangles shaU be equiangular^ and fihall 
hai^ those angles equal which are opposite to the hwu>» 
logous sides. 

Let the triangles ABC, DEF, have the angle BAC in the 
one, equal to the angle EDF in the other, and the sides 
about those equal angles proportionals, that is, SA : AC : 
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ED: DF; dietri- ' Book IV. 

angles are eqaiaoF. 

gular. From AB 

fjxd ^C, cut off 

AG equal to DE, 

and AH equal to 

DF, and join GH. 

Then^ because G A 

U equal to £Dy 

and AH to DF, 

9Ad the included 3 

angle GAH equal . 

to the included angle £DF% the triangles A6H andDEF 

are equal in every respect* ; the angle AGH equal to DEP, 

and AHG to DFE. Again, because .BA : AC : : ED : 

DF«, and AG, AH respectively equal to DE, DF, BA : 

AC ! : GA : AH, alternately BA : GA : : AC : AH**, aJOf^, b 112. AJg. 

therefore, dividlmdo^ BG : GA : : CH : HA ; hence 6H is • 11. Alg. 

parallel to BC**, consequently, the angle AGH, that is, DEF, ^ 2. 4. 

is equal to ABC^ ; and, therefore, aho the third. angfe ACB ell. 1. 

equa to DFE. Wherefore, if two taJangles, &c. Q. £» D. 
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PROP. VII. THEOREM. 

If two ttiangles Tiave one angle of the one equal to &ne 
angie qf the other^ and the sides about two other angles 
proportionals y then^ if each of the remainmg a^les be 
either less, or not less, than a right angle^ the triangles 
shatt he equiangular, and have those angles eqtutl, wout 
' which the sides are proportionals. 

* 

Let the two triangles ABC, DEP have one angle BAC 
of the one, equal to one angle EDF of the other, and the 
sides about two other angles ABC DEF proportionals, so 
that AB : BC : • DE : EF ; and, in the first case, let each 
of the remaining angles at C, F, be less than a right angle ; 
th^ triangles are equiangular. 

For, if the iaagles ABC, DEF be not equal, one of them 
is greater than the other ; let ABC be the greater^ and, at the 
point B in the straight line AB,make the angle ABG equal 
to the angle DEF. Then, because the angle at A is equal 
to the angle at D, and ABG equal to DEF, the third 
angle AGB*" is equal to the third angle DFE; and, there- 
fore, the triangles ABG and DEF are equiangular ; where- 
fore, A» : BG J : DB : EF^ but DE : EF : : AB : BC by 



a 12.1. 
b4.4. 



^^^ i^* suppoaition; hence, AB : B6 : AB : BC^" ; and, thaOcae, 

^^^pfTT'BG is equal to BC; 
* and, consequently, the 
d3. 1. 9ngle BGC' equal to 
BCG. ButBCGisby 
hypothesis less than a 
right angle, therefore, 
BGC is aJso less than a / _^- — '^ 
right angle, and the ad- ^ _^ 

e Cor. Def. jacenta^eAGB^must B C £■ £* 

^* be greater than a right angle^. But AGB was proved to be 
equal to the angle at F,' dierefore, the angle at F is greater 
than a right angle. But, by supposition, it is less than a 
right angle, which is absurds Therefore, the angles ABC, 
DEF are not unequal, that is, they are equal. And the 
angle at A is equal to the angle at D ; wherefore, the remain- 
ixljg angle at C is equal to the remaining angle at F^ ; there^ 
fore, the triangle ABC is equiangular to the triangle DEF. 
^ Next, let each of the angles at C, F, be not less than a 
right angle ; the triangle ABC is also, in this case, equian- 







gular to the triangle DEF. The same ' construction being 
made, it may be' proved in like manner that BG is equal to 
BC, and the angle at C equal to the angle BGC But the 
angle at C is not less than a right angle ; therefore, the angle 
BGC IS not less, than a right angle : Wherefore, two angles of 
the triangle, BGC are together not less than two right angles, 
f Cor. 6. 1. which is impossible^ : And hence, as in the first case, the tri- 
angles ABC and DEF may be proved to be equiangular. 
Wherefore, if two triangles, &c. Q. E. D. 



PROP. VIII. PROBLEM. 

To find a third proportiomU to ttno. given straight lines. 

Let AB, AC, be the two given straight lines, and let them 

1 
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be placed so as to eontain any angle BAG. 
Produce AB to D, making BD equal 
to AG ; through D, draw DE parallel 
to ^C, meeting AG produced in E. 
Then, because BG is parallel to DE, a B 
fflde of the triangle ADE, AB : BD : : 
AG : GEN but, BD = AG ; therefore, 
AB : AG : : AG : GE. Wherefore, to the 
two given lines AB, AG, a third |pro- 
portional GE has been found. Which D 
was to be done. 

C(yr. Hence a fourth proportional to three given straight 
lines may be found. For, if AB, BD and AG be the three 
given straight lines, then DE being drawn parallel BG, meeting 
AG produced in E, gives the foisrth proportional GE. 
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PROP. IX. PROBLEM. 

Tojtnd a mean proportional between two given straight 

lines JB, BC. 

Place AB, BG in a straight line, and upon AG describe a 
semicircle ADG ; draw BD at right angles to AG, and join 
AD, DG. Then the angle 
ADG being in a semicircle is 
a right angle^, and, therefore, 
equal to ABD; now, the 
angle at A is common, hence 
the two triangles ABD and 
AGD are equiasgular^. In 
the same way, may the tri- 
angle DBG be shown to be equiangular to AGD, therefore, 
the two triangles ABD and DBG are equiangular, and, con- 
sequently, have the sides about their equal angles propor- 
tionals^ hence, AB : BD : : BD : BG*^ ; that is BD is a mean 
proportional between AB and BG.> Which was to be found. 

Cor. If, in a right-angled triangle, a -perpendicular be 
drawn frcon the right angle to the base, it is a mean propor- 
tional between the segments of the base ; the triangles on each 
side of it are similar tothe whole and to one another, and each 
side is a mean proportional between the base and the segment 
adjacent to that side. 
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PR(>P. X. THEOREM. 

Equivalent triangles ABC, ADE^ which have one a/ngU BAC 
of the one, equal to one angle DAE of the otheri het*oe'1iie\r 
sides about the equal angles reciprocatty prop&rtionhP;' and 
triangles which have one angle cf the one equci to'iMe 
angle of the other, and, their sides about the equal ^tn^les 

, reciprocoBi/ proportional, are eqiiivaknt 

Let the triangles be so placed that their sides CA, AD, 
mf^y be in the same straight line ; 
then, it 19 easy to show that E A, 
A^^irill al so be iq the same straight 
line ; join BD. Because the tri- 

i Sup. angles are equivalent', they have 
the same ratio to the triangle 
ABD; that is the triangle CAB 
triangle BAD : : triangle EAD 
triMgle BAD; but GAB 

a 1. 4. BAD : : CA: AD*, and EAD 
b 111. Alg. BAD : : EA : AB* ; therefore, C A : AD : : EA : AB^ 

Again, if the angle CAB be equal to EAD and CA : 
AD : : E A : AB, the triangles shall be equivalent. Having 
joined BD as before. Because, CA : AD : : E A : AB** : and 
since C A : AD : : triangle CAB : triangle BAD* ; and also, 
EA : AB : : triangle EAD : triangle BAD* ; therefore, the 
triangle CAB : triangle BAD : : triangle EAD : triangle 
BAD^ ; that is, the triangles CAB and EAD have the same 
ratio to BAD, and they are therefore equivalent. Therefore, 
^uivalent triangles, &c. Q. E. D. 

Cor, The same may be demonrtrsled of pai^elogHams. 



PROP. XI. THEOREM. 

SimVar triangles are to one another in the dvplicate ratio 

-of their homologotcs sides. 

Let/ ABCt DBF, be fidmilar triangles, having the angle B 

.equal to the angle E^ and let AB : BC : : DE : EF, so that 

BC is homologous to EF ; then the triangle ABC : triangle 

DEF : : BC^ : EF^. Take BG a third proportional to BC 

a 9. 6. and EF*, so that BC : EF : : EF : BG, and join AG 
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Then, becwise AB : BC : : DE : EF, altematehr AB : DE : : B*ic^v. 

BC : EF" ; but BC : ^ 77!^:^ 

EF : : EF : BGSthere- A "^^^^ 

fw^AB:PE::EF: // \ diil.Alg. 

.BCr*'. thut i& the odes // \ d 

i.ii]iK)ut the equal angles 
^BG aud DEF of the 
triangles ABG and 

D!EF are redpispc^dly 

proportional, therefore, H G- . O E F 

^)i£, triangle ABG is equivalent to the triangle DEF^. Again, ® ^^- ^• 
because BC : EF : : EF,: BG, and that, if three quantities be in 
continued proportion, the first is to the third as the square of 
the first to the square of the second^ ; therefore, BC : BG: : ^ 121. Alg. 
BC^ : EF* ; but, BC : BG : : triangle ABC : triangle ABG?, 8 1- ^ 
< aherefore, trian^e ABC : triangle ABG : : BC* : EF* ; but 
the triangle DEF is equivalent to the triangle ABG<^ ; hence, 
triangle ABC : triangle DEF : ; BC2 : EF* Therefore, simi- 
lar triangles, &c. Q. E. D. 

C(yr. 1. From what is proved in the preceding proposition, 
it is easy to show that similar polygons are to one anod^er as 
the squares of their corresponding sides. 

Co^. 2. The rectilineal figure described upon the hypo- 
! fhenus^ of a right-angled triangle, is equivalent to the sum of 
. jthe similar rectilineal figures described upon the sides contain- 
,,ing tljie right angle. ^ 

'"'' , PROP. XII. THEOREM. 

/ 

If J from any angle BAC of a triangle ABC, aperpmdicukir 
JtB be drawn to the opposite side or base, the rectangle 
(AC + AB) (AC — AB) contained by the sttm and dif- 
ference of the other two sides is equivalent to the rect- 
angle (CD +DB) (CD — DB) contained by the sum 
and difference of the segments into which the base is di- 
vided by the perpendicular. 

From A as a centre, with the radius AC, the greater 

of the two sides describe the circle CFG ; produce AB to 

meet the circiunference in E and F, and CB to meet it in 

G. Then, because AF = AC, BF = AB + AC, the sum 

.of the sides ; and, since AE = AC, BE = AC— * AB, the 
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I'ook IV. difference of theakhs. Again, because AD, Arawn firom the 




c e 




a K 2i centre, cuts GC at right angles, it also bisects it^ ; therefore, 
when the perpendicular falls within the triangle BG ~ DG . — 
DB = DC — DB, the difference of the segments of the base ; 
and BC =: BD + DC the sum of the segments. But when 
AD falls without the triangle BG = DG + DB = CD + 
DB, the sum of the segments of the base, and BC = CD — 
DB, the difference of the segments of the base. Now, in both 
cases, because B is the intersection of the two lines FE, GC 
drawn in the circle, FB.BE = CB.BG, that is, as has been 
shown, (AC + AB).(AC — AB) = (CD+DB).(CD— DB). 
Therefore, &c. Q. E. D. 



EXEECISES ON GEOMETRY. 

BOOK I. 

1. If a straight line bisect another at right angles, erery 
point 0f the first line will be equally distant from the two 
extrenlities of the second line. 

2. If two sides of a triangle be bisected at right angles, 
and ftom the point, where the bisecting lines cut one another, 
a peipaidiculav be drawn to the third side, it will bisect the 
thiird side. 

8. If two angles of a ^triangle be bisected, and from the 
point where the bisecting lines cut one another, a straight 
line be drawn to the third angle, it will bisect the third angle. 

4. Of all the straight lines that can be drawn ftom a point 
to a straight line, the perpendicular is the least ; that which 
is nearer the perpendicular is less than the more remote; 
there can be two equal lines, but there cannot be more than 
two. 

5. The difference of any two sides of a triangle is less 
than the third side. 

6. If, firom the vertex of a triangle, two straight lines be 
drawn, one of which is perpendicular to the base, and the 
other bisects the vertical ansle, the angle contained by these 
lines shall be equal to half the difference of the angles at the 
base. 

7* If a straight line bisect the diameter of a parallelogram, 
it will bisect the parallelogram. 

8. If a straight line halve one side of a triangle, and be 
parallel to the base, it will halve the other side, and be equal 
to half the base; and the triangle cut off wUl be equid to 
one-fourth part of the original triangle. 

9. If a straight line halve the two sides of an angle, it 
will be parallel to the base. 

10. If a point be taken in each side of a square, at the 
same distance firom the extremity, the figure formed by join- 
ing the fi>ur points will also be a square. 

11. If, fiK)m the vertex of a triangle, two straight lines be 
drawn, cutting off ftom the base segments equal to the sides 
next them respectively, they shall contain an angle equal to 
half the sum of the angles at the base. 

12. To construct a triangle, having the angles at the- base 
equal to two given angles, (which are together less than the 
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right andes)) each to each^ and its peorimeter, or the tium of 
all ite side8y<eq««l tea^gi^en straight Une. 



BOOK II. 

/ . . ■* , , I « 

1. Ii| in a drcle» a stwiglit linetbisect two pandlel.«boi«h^ 
it will pass through the centre. 

i. Parallel chords intercept equal arcs. 

S. Chords that intercept equal arcs, are parallel. 

4. If two chords intersect at a point within the circle, the 
angle which they make is equal to an angle at the centre, 
standing on half the sum of the intercepted ases. - 

5. If two chords intersect when produced, the angld which 
they make is equal to an angle at the centre^ eiLdialf the diC 
ference of the intercepted arcs. i 

6. If two chords intersect at right angles, the sum of die 
t^o op{K>site arcs is equai tahalf .the circnrnfereiuie. .. i « 

7. A straight line dniwn through the middle of an aro, 
parallel to its chord, is a tangent. 

8. If two chords in a cinde intersect at rig^ angles, the 
sum of the squares of the four segments, will be eqwtraleBit 
to the square of the diameter. 

9. If the circumference of a circle be dirided :into three 
equal parts, and from the three points straight hues be dwnt 
to a fomth point in the circumference, one of die atraigbt 
lines will be equal to the sum of the other two. l./h 



BOOK III. 

1. If, from the vertex of an isosceles triangle, a straight 
line be drawn to meet the base, the square of this line, to- 
gether with the rectangle under the segments of the base, 
shall be equal to the square of one of the equal sides of the 
triangle. 

S. The square of the base of an isosceles triangle, is equal 
to twice the rectangle contained by either side, and by the 
straight line intercepted between the perpendicular, let fall 
upon it from the opposite angle and the extremity of the base. 

3. If the vertical angle of a triangle be two-thirds of a 
right angle, the square of the base wifi be equal tO> th^'^difi. 
ferenee between the rectangle under the two rides and the 
sum of their squares. 
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4. In my quadrilateral fignre, the sum of the squares of 
the diagonals, together with four times the square of the line 
joining their middle points, is equal to the sum of the squares 
of all the sides. 

5. In any quadrilateral figure, the sum of the squares of 
the diagonals, is equal to doable the sum of the squares of the 
tM lines, that join the middle points of its opposite sides. 



BOOK IV. 

L If two straight lines be cut by parallel lines, they, are 
cut in the sameratio. 

3. If^ on two bases, there be placed the same number of 
triangles, similar each to each, and similarly situated^ the po- 
lygons formed by joining the vertices of the triangles will be 
sianilar; 

5. A strMght line, drawn firom the vertex of a triangle to 
meet the base, divides a parallel to the base in the same ratio 
as the base. 

4. I^ from two angular points of a triangle^ straight lines 
be drawn to bisect the opposite sides, they will divide each 
other into segments, having the ratio of two to one. 

& From a given point, either within or without a given 
ang^, to draw a straight Une cutting the two lines which con- 
tain llie angle, so that the distances of the two intersections 
from the given point shall be to one another in a giVen ratio. 

6. To describe a right-angled triangle that shall have a 
given hypothenuse, and its three aides continually propor- 
tional. 



THE END. 
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